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Abstract

This paper studies the nonparametric identification and estimation of double auctions with one
buyer and one seller. This model assumes that both bidders submit their own sealed bids, and the
transaction price is determined by a weighted average between the submitted bids when the buyer’s
offer is higher than the seller’s ask. It captures the bargaining process between two parties. Working
within this double auction model, we first establish the nonparametric identification of both the
buyer’s and the seller’s private value distributions in two bid data scenarios; from the case of all bids
being available, to the case of only transacted bids being available. Specifically, both private value
distributions are point identified when all of the bids are observed. They are, however, partially
identified when only the transacted bids are available. A sharp characterization of the identified set
is provided in the latter case. Second, we estimate double auctions with bargaining using a two-step
procedure that incorporates both boundary and interior bias correction. We then show that our value
density estimators achieve the optimal uniform convergence rate of first-price auctions. Monte Carlo
experiments show that, in finite samples, our estimation procedure works well on the whole support
and significantly reduces the large bias of an estimator without bias correction in both boundary

and interior regions.
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correction.
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1 Introduction

Bilateral bargaining is one of the most important forms of trade. Despite there has been a large

literature of bargaining in theory and in laboratory experiments over the past sixty years, we have
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seen a burst of empirical investigations of bargaining only in the past decade. The latter is mainly
due to the increasing availability of bargaining data to the academic community, see, e.g., the online
bargaining interaction data from the eBay’s best offer platform (Backus, Blake, Larsen, and Tadelis,
2020, Backus, Blake, Pettus, and Tadelis, 2020), the data of wholesale used-auto auctions (Larsen and
Zhang, 2018, Larsen, 2021), and the data of union-management negotiations (Treble, 1987, 1990).

A bargaining framework with two-sided incomplete information allows for inefficient outcome
which occurs in real-world trade but is excluded by a framework with complete information. As
one influential candidate of the former, the double auction with bargaining (or k double auction)
considers linear strategies for both buyer and seller. The linearity of strategies has been confirmed
by experimental studies (see, e.g., Radner and Schotter, 1989, Schotter, 1990). This paper nonpara-
metrically identifies and estimates the double auction model with bargaining. Our framework can be
used to recover the buyer’s and seller’s updated value distributions based on the last round of bids,
since the prior rounds of bids are usually used to reveal limited information about own reservation
values (Parco, Rapoport, Seale, Stein, and Zwick, 2004). For instance, our method can be employed
to estimate the buyer’s and the seller’s (most updated) value distributions by using the last round
of offers from the bargaining data of eBay’s best offer platform (or wholesale used-auto auctions, or
union-management negotiations).

This paper contributes to the literature of non-cooperative bargaining games with incomplete
information. On the theoretical side, such games have been extensively studied by, e.g., Chatterjee and
Samuelson (1983), Myerson and Satterthwaite (1983), Rubinstein (1985), Grossman and Perry (1986),
Leininger, Linhart, and Radner (1989), Satterthwaite and Williams (1989, 1993), Brams and Kilgour
(1996), Ausubel, Cramton, and Deneckere (2002), Kadan (2007), and Loertscher and Marx (2019),
among others. In addition, there is also a large experimental literature which examines the theoretical
properties of bargaining with incomplete information; see, e.g., Radner and Schotter (1989), Rapoport
and Fuller (1995), Daniel, Seale, and Rapoport (1998), Rapoport, Daniel, and Seale (1998), Seale,
Daniel, and Rapoport (2001), Parco (2002), and Parco and Rapoport (2004), among others. Empirically,
there is a fast growing literature to investigate the role of asymmetric information in bargaining.!
Examples with reduced-form approach include Merlo and Ortalo-Magne (2004), Scott Morton, Silva-
Risso, and Zettelmeyer (2011), Backus, Blake, and Tadelis (2019), Backus, Blake, Larsen, and Tadelis
(2020), Backus, Blake, Pettus, and Tadelis (2020), Bagwell, Staiger, and Yurukoglu (2020), and Grennan
and Swanson (2020). Another line of empirical research conducts structural analysis of incomplete
information bargaining in, e.g., wholesale used-auto market (Genesove, 1991, Larsen and Zhang,
2018, Larsen, 2021), and the market for local autorickshaw transportation (Keniston, 2011). Our paper
belongs to the second research line (of structural approach) and provides an empirical methodology
to use the data on offers and asks at the last round of the bargaining process to estimate the updated
valuation distributions of both participating parties. Our method can be applied to the experimental
data to test the k double auction theory in laboratory environment in the same flavor as Bajari and
Hortacsu (2005). It can also be applied to the field data to quantify both the ex ante and ex post
inefficiency introduced by private information (see Satterthwaite and Williams, 1989).

Our paper is also related to the literature which examines nonparametric identification and

! There is also a growing literature on structural analysis of bargaining with complete information. Examples include Merlo
(1997), Diermeier, Eraslan, and Merlo (2003), Eraslan (2008), Merlo and Tang (2012, 2019), and Simcoe (2012).



estimation of one-sided auctions. This work was pioneered by Guerre, Perrigne, and Vuong (2000) for
the identification and estimation of first-price auctions, and has been followed by many other papers.
For comprehensive surveys, see Athey and Haile (2007), Hendricks and Porter (2007), Hickman,
Hubbard, and Saglam (2012), Gentry, Hubbard, Nekipelov, and Paarsch (2018), Perrigne and Vuong
(2019), and Hortagsu and Perrigne (2021). In identification part, we generalize the Guerre, Perrigne,
and Vuong (2000)’s nonparametric identification strategy to the double auction setup. The model
primitives are shown to be partially identified when only transacted bids are available, but to be point
identified when the failed bids are also available. Our identification results are hence similar to Gentry
and Li (2014), who obtained constructive bounds on model fundamentals which collapse to point
identification when available entry variation is continuous in auctions with selective entry. There are
other papers obtaining partial identification in the context of one-side auctions, see, e.g., Haile and
Tamer (2003), McAdams (2008), Tang (2011), Aradillas-Lépez, Gandhi, and Quint (2013), Komarova
(2013), and Chen, Gentry, Li, and Lu (2020). Compared to this research line, however, we consider
identification in a different auction setting (namely, double auctions with bargaining) which introduces
not only asymmetric information but also asymmetric bidding strategies.? In estimation part, our
paper is closely related to Hickman and Hubbard (2014) who adapted the bias correction method of
Karunamuni and Zhang (2008), Zhang, Karunamuni, and Jones (1999) to correct the boundary bias
of the two-step value density estimator, which was first proposed by Guerre, Perrigne, and Vuong
(2000), of (one-sided) first-price auctions. We generalize their bias correction ideas to correct both
boundary and interior biases of bid and value densities which exist in the equilibrium outcome of our
double auction model. Furthermore, we establish the uniform convergence rates of our generalized
(bias-corrected) density estimators on the whole support for bid densities and on a larger support for
value densities.

In view of the preceding results, we consider nonparametric identification and estimation of double
auction with bargaining. First, in addition to characterizing all the restrictions on the observables (i.e.
bid distributions) imposed by the theoretical double auction model with bargaining, we establish
point identification of model primitives (i.e. value distributions) from the observables in the case
where all bids are observed. In the case when only transacted bids are observed,® we provide a sharp
identified set of bidders’ value distributions (in Corollary 2).4 We show that, in the latter case, the
conditional distributions of bidders’ valuations given positive (conditional) probability of trade are
point identified. Second, we propose the (boundary and interior) bias corrected two-step estimators of
the buyer’s and the seller’s value densities. In a double auction setting, we show that our estimators
achieve the optimal convergence rate. Third, using Monte Carlo experiments, we show that it is
important to implement the bias correction (especially bias correction in the interior of the support) in
the two-step estimation of value densities. In particular, we show that, without bias correction, the

statistical inference is almost infeasible, not only on the boundaries, but also in the interior.

2 The asymmetry of bidding strategies arises from the fact that the buyer and the seller have different roles in our double
auction model.

3 In a transaction, a buyer’s bid (or offer) must be no lower than seller’s bid (or ask).

4 This result parallels the typical finding that limitations on data observation (such as interval valued data) induce partial
identification in nonparametric mean regression and semi-parametric binary regression; see, e.g., Manski and Tamer (2002),
Magnac and Maurin (2008), Wan and Xu (2015), among others.



The rest of this paper is organized as follows. In Section 2, we present the sealed-bid double auction
model with bargaining and characterize its equilibrium. Section 3 then studies the identification of
private value distributions in two different scenarios. In the first scenario, all of the submitted bids
can be observed. In contrast, only those bids with successful transactions can be observed in the
second scenario. In Section 4, we estimate both the bid and the value densities with bias correction
and establish their uniform convergence rates. Section 5 uses Monte Carlo experiments to illustrate
the finite sample performance of our estimators. We briefly discuss the extension of our approach to
the cases with auction-specific heterogeneity, unobserved heterogeneity, higher order bias reduction,
and estimation using transacted bids in Section 6. Section 7 concludes the paper. Appendix A collects
the proofs of our main results in the text, while Appendix B presents a supplementary material (the

results of which are shown in Appendix C).

2 The k-Double Auction Model

We consider a k-double auction where a single and indivisible object is auctioned between a buyer and
a seller. Each of them simultaneously submits a bid. If the buyer’s offer is no lower than the seller’s
ask, a transaction is made at a price of their weighted average, i.e. at a price p(B,S) = kB + (1 —k)S
where k is a constant in [0, 1], B is the buyer’s offer, and S is the seller’s ask. Otherwise, there is no
transaction. The buyer has a value V for the auctioned object, and the seller has a reservation value C.
Consequently, the buyer’s payoff is V — p(B, S) and the seller’s payoff is p(B, S) — C if a trade occurs;
their payoffs are both zero otherwise. Each of them does not know her opponent’s valuation but only
knows that it is drawn from a distribution F; (j = C, V). The distributions Fy, Fc, and the payment
rule are all common knowledge between buyer and seller.

We impose the following assumption on the private values and their distributions.

Assumption A. (i) V and C are independent. (ii) Fy is absolutely continuous on the support [v,7] C R
with density fy. Fc is absolutely continuous on the support [c,¢] C Ry with density fc.

Under Assumption A, the seller’s private value is independent of the buyer’s, and the value dis-
tributions are absolutely continuous on bounded supports. Such an assumption has been adopted
by most theoretical papers on double auctions with bargaining; see, e.g., Chatterjee and Samuelson
(1983), Myerson and Satterthwaite (1983), Leininger, Linhart, and Radner (1989) and Satterthwaite
and Williams (1989).

We also impose the following restriction on the supports of F; and Fc.
Assumption B. The supports of Fy and Fc satisfy ¢ < .

This assumption requires that the buyer’s maximum value must be higher than the seller’s minimum
cost. It rules out the trivial case of ¥ < c in which there is zero probability of trade in any equilibrium.
The special cases of such a support condition have been commonly adopted by the theoretical double
auction literature; e.g., Myerson and Satterthwaite (1983), Leininger, Linhart, and Radner (1989), and
Satterthwaite and Williams (1989).

Denote by Bp : [v,7] — R4 and Bs : [¢,¢] — R the buyer’s and the seller’s strategies, respectively.
Let b = Bp(v) denote the bid of a buyer with realized private value v under strategy 5. Then, the



expected profit of the buyer given the seller’s strategy is

b b
/S [0 — p(b,5)] dGs(s) :/S [0— kb — (1—k)s|dGs(s), ifb>s,

0, ifb<s,

7'(B(b, U) = (2.1)

where Gg is the distribution function of the seller’s bid and s is the lower endpoint of its support.
Similarly, let s = Bg(c) denote the ask of a seller with realized private reservation value ¢ under

strategy Bs. Then, the expected profit of the seller given the buyer’s strategy is

b b _
/s[p(b,s)—c}dcg(b):/s [kb+ (1 —k)s — c|dGy(b), ifs <D,

0, ifs > b,

mts(s,c) = (2.2)

where Gp is the distribution function of the buyer’s bid and b is the upper endpoint of its support.
We adopt the Bayesian Nash equilibrium (BNE) concept throughout.

Definition 1 (Best response). A buyer’s strategy Bp is a best response to Bg if for any buyer’s strategy
Bs : [v,9] — Ry and each value v € [v,9), mp(Bs(v),v) > mp(Br(v),v). The seller’s best response is
defined in an analogous way.

Definition 2 (Bayesian Nash equilibrium). A strategy profile (Bg, Bs) constitutes a Bayesian Nash equilib-
rium if Bg and Bg are best responses to each other.

We exclude some irregular equilibria and focus on those which are well-behaved as described in

Chatterjee and Samuelson (1983). Precisely, we impose the following restrictions on the equilibrium:
Assumption C (Regular equilibrium). The equilibrium strategy profile (Bp, Bs) satisfies
Al. Bpand Bg are continuous on their whole domains;

A2. Bp is continuously differentiable with positive derivative on [s, D] if s < T; Bg is continuously differentiable
with positive derivative on [c,b] if c < b;

A3. Bp(v) =vifv<s Bs(c) =cifc>b.

We say that an equilibrium satisfying Assumption C is regular. Assumption C basically restricts us
to strictly monotone and (piecewise) differentiable strategy equilibria which are quite intuitive in
bilateral k-double auctions. As demonstrated by Satterthwaite and Williams (1989, Theorem 3.2),
there exist a continuum of regular equilibria when k € (0,1) and [v,7] = [c,¢] = [0,1]. Following
most of the empirical game literature, we adopt the following equilibrium selection mechanism when

multiple regular equilibria exist:
Assumption D. In all observed auctions, the buyers and the sellers play the same reqular equilibrium.

Notice that Assumption D is not restrictive when there is a unique regular equilibrium.

The following lemma characterizes some basic properties of the equilibrium strategy profile.

Lemma 1. For any equilibrium (Bg, Bs),



(i) whenv > s, Bp(v) < v with strict inequality if k > 0;
(ii) when ¢ < b, Bs(c) > c with strict inequality if k < 1.
Proof. See Appendix A.1. O

Note that the conclusion of Lemma 1 holds for any BNE (i.e., not only for regular BNE). With condition
A3 of Assumption C, it implies that, in regular equilibrium, the buyer will never bid higher than her
private value and the seller will never bid lower than her private value. Under the special case of

k =1/2, Leininger, Linhart, and Radner (1989) constructed a lemma similar to our Lemma 1.

3 Nonparametric Identification

In this section, we study the nonparametric identification of private value distributions in two cases
which differ in the degree of available data. In the first case, researchers can observe both the transacted
bids and the bids where no transaction takes place.5 In the second case, researchers can only observe
the transacted bids.

In both cases, we assume that the pricing weight k in the payment rule is known to researchers.
Such an assumption is not restrictive because the value of k can be recovered by using some additional
information about the transaction price, given that the transacted bids are observed. For example,
when the mean transaction price is observed, the parameter k is determined by k = %FE((S;))
since E(P) = kIE(B*) + (1 — k)EE(S*) where (B*, §*) are the transacted bids. Alternatively, when we
observe some quantile of the transaction price, k can be identified by exploiting the property that the
price distribution function is continuous and monotone in k (see Appendix B.1 for detailed discussion).
In addition, as noted by Section 6.1, the pricing weight k can depend on the heterogeneity when the

latter is considered in our framework.

3.1 Case One: All Submitted Bids Being Observed

We first consider the nonparametric identification of the k-double auction model with bargaining when
researchers observe the distribution of all submitted bids (including the bids that are not transacted).

As shown in Chatterjee and Samuelson (1983) and Satterthwaite and Williams (1989), a regular
equilibrium (B3, Bs) in a k-double auction with bargaining can be characterized by the following two

differential equations for v > s and ¢ < b,

_ - / F (C)
By (Bs(c)) = Bs(c) + ks (c) 7= (3.1)
B3 (B5(0)) = Bu(v) — (1 b)B(0) V) (32)

fr(v) ’

where B;'(+) and Bg!(-) are the inverse bidding strategies.® For buyer with value v > s, the
equilibrium bid under strategy B is b = Bg(v). Let & = B (b). Since strategy Bs is strictly increasing,

5 We say that a pair of bids (B, S) is transacted if B > S.
® When ¢ = ¢, (3.1) implies that B3 (s) = s. Similarly, (3.2) implies that 85 (b) = b when v = 2.



Gs(b) = FC(,Bgl(b)) = Fc(¢). Noting that

gs(b) = ———=25 = = @)’ v=pB5'(b) = Bg" (Bs(2)),

by (3.1), we have

Gs(b)
v=>b+k . (3.3)
8s(D)
Similarly, for seller with value ¢ < b, we have the following condition by (3.2)
1 — Gg(s)
c=s5s—(1—-k)———=. (3.4)
( ) 88(s)

Note that (3.3) and (3.4) only hold for v > s and ¢ < b. In such a case, we have Pr(Bp(V) > Bs(C) |V =
v) > 0 when v > s and Pr(Bg(V) > Bs(C)|C = ¢) > 0 when ¢ < b. In other words, given the
private values, both the buyer and the seller expect that trade occurs with positive probability.” For
the buyer with value v < s or the seller with value ¢ > b, there will be no transaction under strategy
profile (Bg, Bs). We define functions (b, Gs) and 7(s, Gp) as the right-hand sides of (3.3) and (3.4),
respectively. That is,

£(b,Go) = bk s<b<s 65)
S
1’](S,G3>ES—(1—k)iB(S), b<s<b. (3.6)

g8(s)

By definition, it is straightforward that &(s, Gs) = s and 5(b, Gg) = b.

We define &, as the collection of absolutely continuous probability distributions with support .27.
Let G denote the joint distribution of (B, S). Here, we restrict ourselves to the regular equilibrium
strategies which are strictly increasing and (piecewise) differentiable.

Theorem 1. Under Assumptions C and D, if G € P4 is the joint distribution of regular equilibrium bids
(B, S) in a sealed-bid k-double auction with some (Fy, Fc) satisfying Assumptions A and B, then

C1. The support 2 = [b,b] x [s,5] withb <s <b <5;
C2. G(b,S) = GB(b) . Gs(S) and GB S @[bg], GS S y[gg],‘

C3. The function &(-,Gs) defined in (3.5) is strictly increasing on [s, b] and its inverse is differentiable on
[6(s,Gs),E(b,Gs)];

C4. The function 1(-,Gg) defined in (3.6) is strictly increasing on [s, b] and its inverse is differentiable on
[1(s, G), (b, Ga));

C5. Forany b < V' < 5and for any b < b such that (b, Gs) > 1/,

2(6,Gs) ~ VIGs() — [0,Gs) —Gs(0) + (1-K) [ Gsjas <o 37)

7 The transaction occurs when B5(V) > Bs(C).



Cé6. Forany b < s’ < sand forany s > s such that 17(s, Gg) < ¢/,
S
[s" = n(s, Gp)I[1 = Ga(s")] — [s = (s, Gp)][1 — Gp(s)] + k/, [1 - Gp(b)]db < 0. (38)
S

Proof. See Appendix A.2. O

Theorem 1 shows that the theoretical model of a k-double auction with bargaining does impose
some restrictions on the joint distribution of observed bids.® Together with Theorem 2 which will be
shown immediately, these restrictions can be used to establish a formal test of the theory of k-double
auction with bargaining. Specifically, condition C1 of Theorem 1 shows that the buyer’s minimum
(or maximum) bid is not higher than the seller’s minimum (or maximum) bid, and the intersection
between the buyer’s and the seller’s bid supports has a non-empty interior. The latter is mainly
due to Assumption B about the supports of private value distributions, which implies that there is
always positive probability of trade in any regular equilibrium. Condition C2 shows that the buyer’s
bid is independent of seller’s. This independence result is intuitive given that the buyer’s value
is independent of the seller’s. Conditions C3 and C4 say that the functions (-, Gs) and 7(-, Gg),
which can be regarded as the inverse bidding strategies, are strictly increasing and differentiable
on the interval where there is a positive probability of trade. The strict monotonicity property of
inverse bidding strategies comes from the fact that the equilibrium strategies are strictly increasing.
Conditions C5 and C6 restrict the bid distributions to have small enough probability in the cases
where buyer offers less than minimum ask s or seller asks more than maximum offer b.’

The following theorem establishes our first identification result.

Theorem 2. Under Assumptions A to D, Fy and Fc are point identified from any given G € Pg satisfying
C1-Ce.

Proof. See Appendix A.3. O

Theorem 2 shows that the private value distributions Fy and F¢ are point identified from the joint
distribution of observed bids. In addition, the inverse bidding strategies (-, Gs) and #( -, Gg) only
rely on the knowledge of distribution G. We can hence avoid solving the linked differential equations
(3.1) and (3.2) in our identification.

Conditions C5 and C6 are less intuitive, and could be difficult to check in practice. It will be
helpful to provide their sufficient conditions which are easy to verify. Our next lemma provides such

sufficient conditions.
Lemma 2. Under Assumptions A to D, conditions C3—C6 are implied by

C7. The function (-, Ggs) defined in (3.5) is strictly increasing on [s, 5] and its inverse is differentiable on
[£(s, Gs), £ (b, Gs)l;

8 Liu, Vuong, and Xu (2017) characterized similar restrictions imposed by the monotone bayesian Nash equilibrium of
theoretical model in the context of binary games with correlated types.

9 Otherwise, the buyer with very high private value or the seller with very low reservation value will have incentive to
deviate from the given equilibrium strategy.



C8. The function (-, Gg) defined in (3.6) is strictly increasing on [b, b] and its inverse is differentiable on
[1(s, ), (b, Gp))-

Proof. See Appendix A 4. O

3.2 Case Two: Only Transacted Bids Being Observed

We now discuss the nonparametric identification of the k-double auction model when researchers only
observe the transacted bids. This scenario is motivated by the fact that bidders can deviate from truth
telling outside the trading region. Thus the unsuccessful bids may not contain much information.

Our identification strategy consists of two key steps. Let G, denote the joint distribution of
the transacted bids.!? In the first step, we identify both marginal bid distributions Gg and Gs on
[s,b], from the distribution G, of the transacted bids. For any s < b, Gs(s) = Pr(S < s|B = b)
by the independence between B and S. Pr(S < s|B = b) is identified from the distribution G, of
the transacted bids, since the transaction is always successful in this case by S < s < b = B. The
seller’s marginal bid distribution Gs(-) and its density gs(+) are hence identified on [s, b]. Similarly,
the buyer’s marginal bid distribution Gp(-) and its density gg(-) are also identified on [s,b] by
1—Gg(b) =Pr(B > b|S = s) for any b > s. In the second step, we recover the corresponding private
values for the buyer and the seller by the inverse bidding strategies of (3.5) and (3.6) for the bids on
[s,b].

The above discussion leads to both the rationalization and identification results in case two. We

first present the rationalization result as follows.

Corollary 1. Under Assumptions C and D: If Gy € Py is the joint distribution of transacted bids under

some regular equilibrium in a sealed-bid k-double auction with (Fy, Fc) satisfying Assumptions A and B, then
D1. The support 9’ = {(b,s) |s<s<b< E} with s < b;
D2. Foranys <s' <s < b < b <b,thedensity of G, satisfies g2(b,s) - g2(b,s") = g2(b,s") - g2(b', 5);

D3. The function &(-,Gs) defined in (3.5) is strictly increasing on [s, b] and its inverse is differentiable on
[‘:(ﬁ; GS)/ 6(5/ GS)];

D4. The function 1( -, Gp) defined in (3.6) is strictly increasing on s, b] and its inverse is differentiable on
[1(s,Gp),1(b, Gp)]-

Proof. See Appendix A.5. O

Corollary 1 shows that the conclusion of Theorem 1 carries over to the transacted bids area, although
some (non-transacted) bids cannot be observed now. Specifically, condition D1 says that the support
of the distribution of observed (transacted) bids is a triangle in which the buyer’s bid is no less than
the seller’s. Condition D2 means that the multiplication of conditional densities evaluated at (b, s)
and (V',s") is the same as the multiplication of conditional densities evaluated at (b,s’) and (V/,s)
as long as these four points are located in the transacted bids area. Such a condition arises mainly

due to the independence of private values. Conditions D3 and D4 state that both the buyer’s and

10 Precisely, Gp(b,s) =Pr(B< b,S <s|ls < S<B<D).



the seller’s inverse bidding strategies are strictly increasing and differentiable on the interval of all
possible transacted bids values, namely [s, b].

We then present the identification result in the following corollary.

Corollary 2. Suppose that Assumptions A to D hold. For any joint distribution of transacted bids Gy € P gy
satisfying D1-D4, the sharp identified set of value distributions contains all Fy and Fc that satisfy

El. c<s<b<7;

E2. Forall (v,c) € [s,&(b,Gs)] x [n(s,Gg),b],"!

Pr(V<o|V>s)= Gp(e(v,Gs)) — Gnls) = p, (C<c|C<E) _ Gs(n~(¢,Gs)) (3.9)

1—GB(§) Gsi
wherePr(V < v |V 25s) = w,andPr (C§C|C<B) = Iljcézi'
—Fy(s 3

E3. Forany b’ > band for any b < b such that &(b, Gs) > 1/,

[&(b, Gs) — b'|Fc(b') — [&(b, Gs) — b]Fc(5(b, Gp))

b 4
-0 Fc(n(s,GB))ds+/y Fe(s)ds| <0; (3.10)

Forany s’ < s and for any s > s such that (s, Gg) < ¢/,

[s" = 11(s,Gp)][1 — Fy(s)] — [s — 11(s, Gp)][1 — Fy(§(s, Gs))]

+k{/;[1—Pv(b)]db+/:[1—Fv(g(b,cs))]db} <0. (311)

Proof. See Appendix A.6. O

Corollary 2 gives the identified set of the private value distributions when only the transacted bids
are observed. This identified set is actually sharp in the sense that we cannot improve it from the
information of observables. Although the private value distributions F; and F¢ are not point identified
in this case, the buyer’s and the seller’s conditional private value distributions are point identified by
(3.9) on their value intervals where there is a positive probability of trade.

4 Estimation

Based on the identification strategy, we provide a nonparametric estimation procedure as well as its
asymptotic properties when all bids can be observed by the researchers, i.e. in the case one. We will
briefly discuss the estimation of case two with transacted bids in Section 6.4. To present the basic
ideas, we further assume that all of the observed k-double auctions are homogeneous. Section 6.1

extends our estimation method to allow for auction-specific heterogeneity.

11 Notice that we have &(s, Gs) = s and 77(b, Gg) = b by the definitions of functions ¢ and 7.

10



Our estimation procedure extends the two-step estimator proposed by Guerre, Perrigne, and Vuong
(2000) for the estimation of sealed-bid first-price auctions: In the first step, a sample of buyers” and

7

sellers” “pseudo private values” is constructed by (3.3) and (3.4), where Gg and Gp are estimated by
their empirical distribution functions, and gs and gp are estimated by their kernel density estimators
with boundary and interior bias correction. In the second step, this sample of pseudo private values is
used to nonparametrically estimate the densities of buyers’ and sellers’ private values with boundary
and interior bias correction. Notice that, due to the regular equilibrium assumption, a bidder’s private
value is equal to her bid (in the first step) if the bidder is a buyer offering less than s or if the bidder is
a seller asking more than b.

It is worth pointing out that both boundary and interior bias correction is implemented in all
kernel density estimators of our two-step procedure. This is motivated by the fact that the boundary
and interior biases are worse in double auctions than in first-price auctions. Specifically, as pointed out
by Guerre, Perrigne, and Vuong (2000), the estimators of bid density and private value density suffer
from boundary bias (on the two endpoints of each support) in the two-step estimation of first-price
auctions, since these two densities are bounded away from zero on finite supports. This issue carries
over to the double auction setup, and is made worse by the discontinuity of bid densities in the
interior of their supports. The interior discontinuity of bid densities occurs because that the bidding
strategies have interior kinks in regular equilibrium. Consequently, the two-step estimator of private
value density with boundary and interior bias correction will have a better performance than the one
without any bias correction (e.g. the one with sample trimming instead) in finite samples. This is
similar to Hickman and Hubbard (2014) who corrected the bias on the boundaries (not in the interior)
of the bid and value densities, and is confirmed by our Monte Carlo experiments in Section 5 as well.

We adapt the boundary correction technique proposed by Zhang, Karunamuni, and Jones (1999)
and Karunamuni and Zhang (2008) to our double auction setup, and follow them to focus on the case
of continuously differentiable private value density (and hence twice continuously differentiable bid

density by Lemma 3). The case of smoother private value densities is discussed in Section 6.3.

4,1 Definition of the Estimator

To clarify our idea, we consider n homogeneous k-double auctions. In each auctioni = 1,2,...,n,
there is one buyer with private value V; and one seller with private value C;. We observe a sample
that consists of all of the buyers’ bids {By, By, ..., B, } and all of sellers’ bids {S1, Sz, ...,Ss}. Let b
and b (5 and 5) be the minimum and maximum of the buyers’ (sellers’) n observed bids.

Our estimation proceeds as follows: In the first step, we use the observed sample of all bids to
estimate the distribution and density functions of the buyers” and sellers’ bids by their empirical dis-
tribution functions and (boundary and interior) bias corrected kernel density estimators, respectively,

i.e. by

and kernel density estimators ¢p and ¢s which are estimated on [3, @] as shown in (B.5) of Appendix B.2.
Specifically, the estimator of the buyers’ bid density ¢p uses kernel function Kp, primary bandwidth
hp, secondary bandwidth h; and coefficient A = Ap, while the estimator of the sellers’ bid density §s
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uses Kg, hs, iy and A = Ag. We then define the buyer’s pseudo private value V; corresponding to B;

and the seller’s pseudo private value C; corresponding to S;, respectively, as

Bk B) g oy si—(1-k=6) g

V= $s(Bi) ¢ = $5(Si) (4.1)
B; otherwise, S; otherwise,

where Ggp(-),Gs(-),8p(+), and gs(-) are the empirical distribution functions and bias-corrected
kernel density estimators defined earlier. Note that we have V; = B; (resp. C; = S;) when B; < s (resp.
S; > b) in regular equilibrium.

In the second step, we use the pseudo private value samples, {Vl,. .., Vn} and {Cl, e, Cn}, to
estimate the buyers’ and sellers’ respective value densities. Specifically, the estimator of the buyers’
value density fy is obtained by applying the bias correction approach in (B.5) to the sample of the
buyers’ pseudo private values on [, 7], where ¢ and v are respectively the minimum and maximum
of the buyers’ pseudo private values, with kernel function Ky, primary bandwidth hy, secondary
bandwidth /7, and coefficient A = Ay. Similarly, we get the estimator of the sellers’ value density fe
on interval [¢, ¢] by the sample of the sellers’ pseudo private values with kernel function K, primary

bandwidth k¢, secondary bandwidth k-, and coefficient A = Ac.

4.2 Asymptotic Properties

The next assumption concerns the generating process of buyers” and sellers’ private values (V;, C;),i =

1,...,n.

Assumption E. V;, i =1,2,...,n, are independently and identically distributed as Fy with density fy; C;,
i=1,2,...,n, are independently and identically distributed as Fc with density fc.

This assumes that the bidders’ private values are independent across auctions. In addition, we impose

a smoothness condition on the latent value distributions as follows:

Assumption F. Fy and Fc are twice continuously differentiable on [v, 7] and [c, €], respectively. In addition,
fv(v) Zay > 0forallv € [v,7]; fc(c) = ac > 0forall c € [c,T].

Assumption F requires that, on compact supports, the latent value distributions are twice continuously
differentiable and their density functions are bounded away from zero. As shown in the following
lemma, this assumption implies that the generated equilibrium bid distributions will also satisfy a

similar smoothness condition.

Lemma 3. Given Assumption F, the distributions of reqular equilibrium bids Gp and Gg satisfy:
(i) forany b € [b,b] and any s € [s,5], gp(b) = ap >0, gs(s) = ag > 0;
(ii) Gp and Gg are twice continuously differentiable on [s, b];

(iii) gp and gs are also twice continuously differentiable on [s, b].

Proof. See Appendix A.7. O
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The striking feature of Lemma 3 is part (iii). It shows that the bid densities are smoother than their
corresponding latent value densities. A similar result is obtained by Guerre, Perrigne, and Vuong
(2000) in first-price auctions.

We turn to the choice of kernels in the following assumption.

Assumption G. K, Ks, Ky and K¢ are symmetric second order kernels with support [—1,1] and have
continuous bounded second order derivatives.

We then give conditions on the choice of bandwidths and other tuning parameters.

Assumption H. The bandwidths hg, hg, hy, hc are of the form:

hg = Ag(logn/n)""°, hs=As(logn/n)"">, hy = Ay (logn/n)""?, he=Ac(logn/n

7

)1/5

where the A’s are positive constants. The parameters Ag, Ag, Ay, Ac > 1/3 and the secondary bandwidths
are of the form: hly = tpn=1/3, Wy = tgn=15, hi, = ©yn=Y3, hl. = tcn~1/5, where the T’s are positive
constants.

To implement the bias correction technique, we adopt Assumption H to choose all primary bandwidths
of order (log n/n)1/5 and the secondary bandwidths h}, hg, by, and h of order n~1/512

Our main estimation result establishes the uniform consistency (with rates of convergence) of
the two-step estimators of value densities. It is built on the following lemma which shows the
uniform consistency (with rates of convergence) of (i) the first-step nonparametric estimators of the

bid densities and (ii) the pseudo private values V; and C;.

Lemma 4. Suppose that Assumptions E to H hold, then

(i) supyc 51 185(b) — g5(b)| = Op ((logn/m)*’?),  sup,c (5 185(s) — gs(s)| = Op((logn/n)*’?).
(i) sup; | V; — Vi| = O, ((logn/n)?/5), sup; |C; — Ci| = Op((logn/n)*/?).

Proof. See Appendix A.8. O

Lemma 4 first shows that, after bias correction, the kernel density estimators of the bid distributions
uniformly converge in probability to the true densities at a rate of (log/1)/° on their entire supports.
It also shows that all pseudo private values converge uniformly in probability to the true private
values at the same rate. Without boundary and interior bias correction, the uniform convergence of
bid density estimators and pseudo private values holds only on an interior closed subset (excluding
boundaries) of bid support.

We now give our main result of the estimation section.

Theorem 3. Under Assumptions E to H, for any (fixed) closed inner subsets €y of [v,9] and 6¢ of [c, €], 13

sup |fv(v) — fv(0)| = Op((logn/n)'®), sup |fc(c) = fe(c)| = Op((logn/n)').

UE%)V CG%C

12 Such choices of secondary bandwidths minimize the mean squared errors of estimating d’s in the transform functions for
bias correction.

13 We call closed set &7’ C o a closed inner subset of <7 if o7’ is also a subset of the interior of 7.
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Proof. See Appendix A.9. O

Theorem 3 shows that our (bias corrected) two-step estimators of private value densities converge

uniformly to their true densities at a rate of (logn/n)'/?

on any closed inner subset of value support.
This convergence rate is optimal in first-price auctions (Guerre, Perrigne, and Vuong, 2000). Without
bias correction, the usual two-step estimators of private value densities have the same convergence

1/5 only on any close inner subset excluding s (or b). Consequently, we expect that,

rate as (logn/n)
in comparison to the two-step estimator without bias correction, the one with bias correction will
have better finite sample performance close to s for the buyers’ value density estimator and close to b
for the sellers’. This is confirmed by our Monte Carlo experiments in the next section. Nevertheless,
Theorem 3 does not say anything about the uniform convergence rate on the entire support. The main
difficulty comes from the low accuracy in estimation of the boundary points v, 7, ¢ and ¢, since they
are estimated from the pseudo private values which converge to their true values at a nonparametric
rate.

With smoother value densities, the uniform convergence rate of the two-step value density esti-
mators with and without bias correction can be improved. Such an extension is briefly discussed in
Section 6.3 for bias corrected estimators, and in Appendix B.3 of supplementary material for estimators

without bias correction.

5 Monte Carlo Experiments

To study the finite sample performance of our two-step estimation procedure, we conduct Monte
Carlo experiments. We consider two cases of buyers” and sellers’ true value distributions and pricing
weights. In the first case, both buyers’ and sellers’ private values are uniformly distributed on [0, 1].
The bidding strategies of the buyer and the seller are given by
LS L TS C K oce< 2R
B(v) = 1+k  2(1+%k) 2 . Bs(c) = 2—k 2 )k
v, fo<o< — ; c,

7

2
if <c<l1,

where k is the pricing weight. Moreover, we set the pricing weight k = 1/2 so that the buyer and the
seller have equal bargaining power in determining the transaction price. This case has been frequently
studied in the theoretical literature (e.g., Chatterjee and Samuelson, 1983). In the second case, we
allow asymmetry between buyers’ and sellers’ value distributions, and asymmetry between their
pricing weights. Specifically, we set the pricing weight to k = 3/4, and the true densities of buyers’

and sellers’ private value distributions to be:

(8v + 12)v/1602 — 1280 + 553 — 320% + 80v — 105
(7+/553 — 31)v/160% — 1280 + 553

1 8c 9+ 16¢ 2 (c—3)% s
)= 4— —+— e — /81 4+ 162+ 1(c = 3 et |,
fele) 511 + /73 — 1076¢3/4 9 V814162 9 (c23) 3

frv(v) =
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with identical supports, [v,7] = [¢,¢] = [0,6].!* In this case, it can be verified that the buyer’s and the

seller’s bidding strategies given by

v, ifo<o<1,
.BB(U): >
40 + 28 \/16101 1280—1—553’ f1<o<6;
2
gt VI H+8l g <<,
Bs(c) = 9
c, if3<c<6,

form a regular equilibrium. Figure 1 plots the true value densities, the equilibrium bidding strategies,
and the induced bid densities in the second case.

Our Monte Carlo experiment consists of 5000 replications for each case. In each replication, we
first randomly generate n buyers” and n sellers’ private values from their true value distributions. We
then compute the corresponding bids according to the true bidding strategies. Next, we apply our
bias-corrected two-step estimation procedure to the generated sample of bids for each replication. In
the first step, we estimate the distribution functions and densities of buyers’ and sellers’ bids using
the empirical distribution functions and bias-corrected kernel density estimators, respectively. We
then use (4.1) to obtain the buyers” and the sellers” pseudo private values. In the second step, we
use the sample of buyers” and sellers’ pseudo private values to estimate buyers” and sellers’ value
densities by their bias-corrected kernel density estimators.

To satisfy Assumption G on the kernels,'® we choose the triweight kernel for all of Kg(-), Ks(+),
Ky(-), and Kc(-), i.e. Kg(u) = Ks(u) = Ky(u) = Kc(u) = (35/32)(1 —u?)® - 1(-1 < u < 1).
We then choose the primary bandwidths hg, hg, hy and h¢ according to the rule of optimal global
bandwidth (see Silverman, 1986) as

8\/%[31 sz(u) du
1 2
3 (ffl u?K;(u) du)

h]:mln n7é6}' 7~ 7 j:B/S/V/C/

N \ﬁ)

where 7 is the sample size of the observed bids, J; is the estimated standard deviation of observed
bids for j = B, S or pseudo private values for j = V,C, K;(+) is the kernel function, and #; is the
length of the interval on which the corresponding bid or value density is estimated. In addition, the
parameters of bias correction are chosen as follows: all of the coefficients Ap, Ag, Ay and Ac are set at

4 As a matter of fact, we also add some curvature to the true value densities fy/(-) and fc(-) in this case.

15 It can also be verified that the corresponding bid densities are

fv(b), if0<b <, 36— 9 , if1<s<3,
®) 191h © 2044 + 4+/73 — 4304¢—3/4
88\0) = —F———, if1<b<3, 8s(s) = , if3 <s<6,
8v/553 — 124 fe(s) Hoss
0, otherwise; 0, otherwise.

16 Notice that, in both cases, the private value densities fy(-) and fc(-) are continuously twice differentiable on the entire
support.
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Figure 1: True private value densities, equilibrium bidding strategies and bid densities in the second

experiment
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0.65; each of the secondary bandwidths is equal to its counterpart among the primary bandwidths,'”
ie. h} =hjforj=B,S,V,C.

Our Monte Carlo results for the first case are summarized in Figure 2. It shows the two-step
estimates of value densities with and without bias correction under the sample sizes of n = 200
and n = 1000, when both buyers’ and sellers’ private values are uniformly distributed on [0, 1]. The
true value densities are displayed in solid lines. For each value of v € [0,1] (or ¢ € [0,1]), we plot
the mean of the estimates with a dashed line, and the 5th and 95th percentiles with dotted lines.
The latter gives the (pointwise) 90% confidence interval for fy(v) (or fc(c)). Figure 2 shows that
our bias-corrected two-step density estimates behave well. First, the true curves fall within their
corresponding confidence bands. Second, the mean of the estimates for each density closely matches
the true curve. Third, as sample size increases, both the bias and variance of the estimates decrease.
Figure 2 also shows that bias correction plays an important role in estimating the value densities in
double auctions with bargaining. As shown by Figures 2¢, 2d, 2g and 2h, the standard kernel density
estimator (without bias correction) has large bias not only at the boundaries but also in an interior area.
When the sample size n increases, this bias will not diminish, although the variance will shrink. The
appearance of bias in the interior shows that bias correction is necessary to estimate value densities in
double auctions with bargaining.

Figure 3 reports the simulation results of the second case under the sample sizes of n = 200 and
n = 1000. Similarly, the true densities, means, and 5th/95th percentiles are respectively displayed in
solid lines, dashed lines, and dotted lines. It shows that, with some curvature in the value densities
and asymmetry between buyers and sellers, the conclusions in Figure 2 still hold; that is, (i) the
bias-corrected two-step density estimates perform well, and (ii) bias correction plays an important

role for estimating the value densities in our double auction model.

6 Extensions

6.1 Auction-Specific Heterogeneity

We now briefly discuss how to generalize our identification and estimation approach to allow for
auction-specific heterogeneity.'® Let X € R? be a random vector that characterizes the heterogeneity
of auctions. For auctions with X = x, let Fy;|x (- |x) and F¢|x (- |x) be the buyers’ and sellers’ private
value distributions, and Gp|x(-|x) and Gg|x(|x) be their respective bid distribution functions with
densities gp|x(-[x) and ggx(-[x). Let all of our previous assumptions hold for every x in the support

of X wherever it applies. The buyer’s and the seller’s inverse bidding functions in an auction with

17 We tried other values of coefficients A j and secondary bandwidths 4/, j = B, S, V, C, in our experiments, but found that, as

long as Assumption H holds, the estimates of both buyers’ and sellers’ value densities are almost the same for different values
of Ajand It'.
7 J

18 The existence of auction-specific heterogeneity allows for correlation between the buyer’s and the seller’s private values.
Such correlation, however, exists only through the auction-specific heterogeneity.
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characteristic X = x are, respectively,

Gapx(blx) BT L
. b-+k(x) T ®]5)’ fb>s(x), L (1—k(x)) 1) fs <b(x), 6.1)

b, otherwise, s, otherwise,

where s(x) is the lower bound of the support of Ggx (- | x), b(x) is the upper bound of the support of
Gp|x(- | x). Note that the weight k(x) depends on the realization of heterogeneity X in this case.

We can then generalize most of our identification and estimation results to auctions with hetero-
geneity. Specifically, our identification and model restrictions results (Theorems 1 and 2, Lemma 2,
and Corollaries 1 and 2) still hold as long as the value and bid distributions are simply replaced by the
corresponding conditional distributions given X and all relevant conditions hold for every realization
of X.

For estimation, our two-step procedure can be generalized to incorporate auction-specific het-
erogeneity. In the first step, for each auction, we use (6.1) to recover both the buyers’ and the
sellers” pseudo private values. Notice that, in (6.1), the estimation of conditional bid densities
gsix and gp|x needs to first recover the joint densities gsx and gpx of the bids and the covari-
ates (as well as the marginal density fx of the covariates), since gg/x (s |x) = gsx(s,x)/fx(x) and
gpx(b]x) = gpx (b, x)/ fx(x). In the second step, we use the covariate data {X, ..., Xy} and pseudo
private values recovered previously to estimate the conditional value densities fc|x and fyx. Again,
this needs the estimation of joint densities of valuation and covariates fcx and fyx. It is then possible
to extend our estimation results in Section 4 to this new two-step estimator. However, the new estima-
tor will suffer the “curse of dimensionality” with the introduction of auction-specific heterogeneity
X € R¥. Moreover, for d > 1, the (interior and boundary) bias correction in kernel estimation of bid
densities gsx and gpx will be an issue in a multi-dimensional scenario.'? This issue is challenging, in
that, to our knowledge, little is known in the existing literature regarding the boundary bias correction

of kernel density estimators in a multi-dimensional setting.

6.2 Unobserved heterogeneity

Our framework can incorporate an auction-level unobserved heterogeneity. We omit the conditioning
on the observed covariates X to simplify our discussion. Let X represent the unobserved heterogeneity,
namely X is observed by all bidders but unobserved by the researchers. All bidders can hence
condition on it when bidding.

We consider that the buyer’s value (resp. seller’s cost) has a multiplicatively separable form of
V = X € (resp. C = X - §) where € and § are private information to buyer and seller, respectively. Let
Bp:(-) and Bs z(-) be the buyer’s and seller’s bidding strategies under X = %. Suppose that B3 1(-) and
Bs1(-) are the equilibrium bidding strategies under X = 1, i.e. they satisfy the first order conditions
(3.1) and (3.2) when X = 1. It can be verified that Bp z(-) = % - Bp1(-/%) and Bs:(-) = - Bs1(-/%)
also satisfy (3.1) and (3.2) and are therefore equilibrium bidding strategies when X = %.

19 Notice that the supports of S and B are finite. In addition, the bid densities can have discontinuity points in the interior of
the supports (see Figure 1c).
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Let B = B z(V) and S = Bg x(C). The above discussion yields B = X - Bp1(V/X) = X - Bp1(€)

and S = X Bs1(C/X) = X - Bs1(6). Taking logarithms gives

log(B) = log(X) + log(Bz1(€))
log(8) = log(X) + log(Bs1(9)).

We can then apply the deconvolution approach of Krasnokutskaya (2011) to identify the distributions
of X, €, and ¢ under some scale normalizations.

A similar strategy can be applied to identify the distributions of unobserved heterogeneity X and
private information € and 6 when the buyer’s value (resp. seller’s cost) has an additively separable
form of V = X + € (resp. C = X +9).

6.3 Higher order bias reduction

When the value density function is smoother, we can also have higher order boundary (and interior)
bias reduction at the cost of more tedious calculations. Due to space limitations, we only illustrate the
idea of achieving higher order bias reduction here.

To achieve higher order boundary (and interior) bias reduction, we need to specify both a higher
order kernel and a proper functional form for the data transformation. For demonstration purposes,
suppose that { X1, Xp, ..., X, } is a random sample drawn from a distribution with a density function
f(+) admitting up to R + 1 continuous bounded derivatives on a support of [0, ¥]. To simplify the
analysis, we further assume that the density f(-) has a discontinuity point only at 0, i.e. we assume
lim, .- f(x) = 0. Denote the transformation function by (- ).2° The (boundary-corrected) kernel

density estimator of f(-) with a generalized reflection is given by
Y x— X; x4+ v(X;)
f(x)—nhlzl{K< 0 )—l—K(h ,

where K(-) is a kernel function on support [—1,1], and & is a bandwidth parameter. Let w(-) =

FOy=Y()) /7' (v1(+)) with y( ) being strictly increasing on [0, +c0) and (R + 1)-times continuously
differentiable. Then, for x = ph with 0 < p < 1, the bias of f at x can be obtained as

1

R .
EF () = £(3) = [wl0) = £0)] [ K()d-+ L S0+ 0 (141 62

e j

+ [0 ~ (-] [ (¢ py(ar
Jp

=1

W, = £9)(0) [i (D) -vert [ xiar

Consequently, if we choose a kernel K(-) of order (R + 1) and a transformation function -y(-)
such that (i) w(0) = £(0), (i) @) (0) = (=1)/ f1)(0) forall j = 1,2,...,R, (iii) 7/(-) > 0 on [0, +0),

20 In Section 4, we follow Zhang, Karunamuni, and Jones (1999) and Karunamuni and Zhang (2008) and employ a cubic
transformation function of y(u) = u +d - u? + A - d? - u® where d is the derivative of log-density at the boundary point.
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and (iv) (R + 1)-th derivative of (- ) exists, then the boundary bias Ef(x) — f(x) = O(hR*1) for any
x = ph with 0 < p < 1. To see this, condition (i) eliminates the first term on the right-hand side of (6.2),
and condition (ii) together with (R + 1)-th order kernel K(-) implies W; = 0 forall j = 1,..., R which
makes the second term on the right-hand side of (6.2) zero. With the bias of order O(hR*1) on the
boundary, the kernel density estimator f(-) with a generalized reflection then converges uniformly to
the true density function f(-) at a rate of O, (hR+1 + /logn/(nh) ) on the entire support [0, X]. Note
that condition (ii) of (- ) requires the knowledge of f 0, j=1,2,...,R, which can be challenging in

estimation.

6.4 Estimation with transacted bids

We consider an estimation procedure closely following the identification strategy proposed in Sec-
tion 3.2.

We first recover the marginal bid distributions Gg(-) and Gs(-) on the transacted bids interval
[s,b] as

~

Gp(b) =1—Pr(B>b|S=35), Gg(s)=Pr(S<s/B=0),

where Pr(B > b|S = s) and Pr(S < s|B = b) are some smoothing nonparametric estimators. The
densities are then estimated by the derivatives as ¢3(b) = Gj(b) and gs(s) = G4 (s).

In the second step, we recover the corresponding private values V;’s (resp. C;’s) for the buyer
(resp. the seller) by the inverse bidding strategy of (3.5) (resp. (3.6)) for the bids on [s, b]. We can then
estimate the conditional value densities fyy>,(-) and feic <5 (") given successful transaction. We can
also estimate the conditional value distribution functions Pr (V < v|V >s),and Pr (C < ¢|C < b)

according to (3.9). Their asymptotic properties are left for future research.

7 Conclusion

This paper studies nonparametric identification and estimation of double auction with bargaining.
It first gives all the restrictions of theoretical model on observed bid distributions, as well as the
sharp identified set of unobserved private value distributions when only transacted bids are used.
The latter identified set collapses to singleton when the non-transacted bids are also used. We then
propose a (boundary and interior) bias corrected two-step estimators of the buyer’s and the seller’s
value densities. The estimators are shown to achieve the optimal convergence rate. Our Monte Carlo
experiments demonstrate the significance of the bias correction (especially bias correction in the
interior of the support) in the two-step estimation of value densities.

We focus on the identification and estimation of double auction with bargaining. It is interesting
to design some nonparametric testing procedures in the context of double auctions, similar to those
testing procedures proposed in one-sided auctions, see, e.g., Fang and Tang (2014), Liu and Luo (2017),
Liu and Vuong (2021), and Jun and Zincenko (2022).
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Appendix

Appendix A collects the proofs of theorems, corollaries, and lemmas in the text. Appendix B

presents a supplementary material. Appendix C collects the proofs of results in Appendix B.

A Proofs of Theorems, Corollaries, and Lemmas in the Text

A.1 Proof of Lemmal

First, we prove that v > s implies fg(v) < v.
When k = 0, that is, the transaction price is completely determined by the seller’s bid, a buyer

with private value v > s will get

(6,0) = [ (0 5) dGs(s)

from bidding b. Note that the integrand, v — s, is strictly decreasing in s, thus

b +o0
/S (v—15)dGs(s) < /S max{v —s,0} dGs(s). (A1)

Since v > s, the equality in (A.1) holds if b = v, and the equality holds for all Gg only if b = v. This
implies that, when k = 0, the truthful strategy fp(v) = v is the unique (weakly) dominant strategy
for the buyer.

When k € (0, 1], we shall show that it is better for the buyer with value v > s to bid her value v
than any bid b > v. Since s is the lower bound of the support of Gs, Gs(s) = 0 and Gs(v) > 0, then

ng(v,v) — mp(b,v) = /sv[v—kv— (1 —k)s]dGs(s) — /sb[v—kb— (1 —k)s]dGs(s)

- /Sv[v—kv— (1— K)s] dGs(s) — /sv[v—kb— (1— K)s] dGs(s)

[ lo—kb— (1 - )] aGs ()

v

v b
:/S k(b—v)dGs(s)—/ [0— kb — (1 — k)s] dGs(s)
:k(b—v)Gs(v)+/b[kb+(1—k)s—v] dGs(s).

Since b > v and Gg(v) > 0, the first term is positive and the second term

/b[kb +(1—k)s — 0] dGs(s) > /b[kb + (1 - k)o — 0] dGs(s) = k(b — v)[Gs(b) — Gs ()] = 0.

JU

This completes the proof of 5(v) < v.
To see that fg(v) < v for v > s if k > 0, note that by (2.1),

E)ch(b, Z))

o = —kGs(v) < 0.

b=v
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It implies that there exists A > 0 small enough such that 775(v — A, v) > 7p(v, v), therefore, bidding
the true value for the buyer with private value v is no longer optimal, i.e. Bp(v) # v. Since we have
already shown that B5(v) < v, the desired result follows.

In an analogous way, the second conclusion can be proved by showing that truthful bidding
strategy is dominant when k = 1, and is dominated by some Bs(c) > c whenk € [0,1) andc < b. O

A.2 Proof of Theorem 1

Let Bp(-) and Bs(-) be the respective regular equilibrium bidding strategies of the buyer and the
seller that induce the bid distribution G.

By condition Al of Assumption C, strictly increasing and continuous bidding strategies imply the
support of bid distribution is a rectangular region, namely [b, b] x [s,5] with b = Bg(v), b = B3(9),
s = Bs(c) and 5 = Bs(c). To show that b < 5and b < s, firstly suppose b > 5, then any buyer bidding
b > 5 will be strictly inferior to just bidding s. Because this doesn’t make the buyer lose any trades but
the expected profit on each trade will increase by lowering the transaction price. This deviation is
contradicted by the assumption that (Bp, Bs) is an equilibrium. Applying similar argument to the
seller bidding s < b, we can prove the second conclusion s > b. Then we show thats < b. Suppose
not, then: () If b < s < T, the buyer with value 7 will have incentive to bid # instead of b, because

by bidding # he can get

_ 47 _ 547
7 (”2”@) — /T [vks—;v — (1—K)s| dGs(s) = g(wg) Y1k /T(E—s)dGs(s) )
S S

while bidding b < s gives him zero expected profit. This contradicts the equilibrium requirement. (ii)
If ¢ < b < s, then analogous argument can show that bidding % is a profitable deviation for the seller
with value ¢, which presents a contradiction to the equilibrium condition, too. (iii) If b<c<v<s,
then condition A3 of Assumption C is contradicted because it requires that s = ¢ < 7 = b. From the
above, C1 hold.

Because V and C are independent and because Bg(-) and Bs(-) are deterministic functions, it
follows that the bids, B = Bg(V) and S = Bs(C), are also independent. More precisely, since Bp( -)
and Bs( ) are continuous and strictly increasing, so there exist inverse functions, B3 () and ,Bgl (),

which are also continuous and strictly increasing. Thus

G(b,s) = Pr(Bp(V) < b,Bs(C) <5)

= Pr(V < ' (b),C < B5'(s))
= Pr(V < B3 (b)) Pr(C < B5'(s)) = Fv(B5' (b)) Fc(Bs ' (s))-
Define
Gp(b) = Fy(B5'(D)) (A2)
Gs(s) = Fo(B5(5)) (A3)

for every b € [b,b] and s € [s,5]. Since B5'(+) is continuous and strictly increasing on [b,b] =
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[Bs(v), Be(7)], we have Gp € P by (A.2) and the assumption Fy € &, 5. Similar argument can
be applied to show Gg € &, 5. Now we get C2.

In order to show C3 and C4, note that Gp(-) and Gs( ) defined in (A.2) and (A.3) must be the
distributions of observed (equilibrium) bids of the buyer and the seller, respectively. Now, Bz (-) and
Bs(-) must solve the set of first-order differential equations (3.1) and (3.2). Since (3.3) and (3.4) follow
from (3.1) and (3.2), then Bp(-) and Bs( - ) must satisfy

¢(B(v),Gs) =v, n(Bs(c),Gp) =c

forallv > sandallc < b. Noting that s = Bs(c) and b= Bp(7) and making the change of variable
U= ﬁEl (b)and c = ,351(5), we obtain

&(b,Gs) = B3 (b) (A4)
1(s,Gg) = B3 ' (s) (A5)

forall b,s € [s,b]. By condition A1 of Assumption C, both 5" (-) and B () are strictly increasing,
and by condition A3 of Assumption C, B( - ) is differentiable on [s, ] and so is Bs( - ) on [c, b]. Thus C3
and C4 follow from the fact that &(s, Gs) = sby (3.3), 17(b, Gg) = bby (3.4),and o = ;' (b) = (b, Gs),
¢ = B5(s) = (s G).

It is remained to show C5 and Cé6. Given b < b, for buyer with private value v such that f(v) = b,
bidding any b’ € [b,5] should not give him greater profit than bidding b because B is the equilibrium
bidding strategy for the buyer. That is,

b/

b
0> mp(b',0) — 7g(b, v) :/ [0— kb — (1 — k)s] dGS(s)—/ [0 — kb — (1 — k)s] dGs(s)

= 0[Gs (b)) — Gg(b)] — kb'Gs (V') + kbGs (b) — (1 — k) /b " dGs(s)
= k(v — b')Gs(b') — k(v — b)Gs(b)

b/
F(1—k) [(v —¥)Gs (V) — (0 — b)Gs (b) + /h Gs(s) ds]

— (0= b)Gs(V') — (v — b)Gs(b) + (1 —k) /bb/ Gs (s) ds.

Because v = B5'(b) = &(b, Gs) by (A.4), replacing v by &(b, Gs) in the above inequality will yield
(3.7). Similarly, for seller with private value ¢ such that Bs(c) = s > s, using the argument that
any deviation of bidding s’ € [b, s] would not be profitable, we can show that (3.8) must hold. This
completes the proof of C6 and the theorem. O

A.3 Proof of Theorem 2

We show the identification of Fy and Fc in two steps. In the first step, we construct a pair of Fy and

Fc to rationalize the given G. In the second step, we show that such a pair is unique.
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Step 1. To show the sufficiency of C1-C4, define

Gg(v) ifv <s

Fy(v) = Gp(¢~1(v,Gs)) ifs <v < &(b,Gs) (A.6)
1 ifv > &(b,Gs)
0 if c < (s, Gp)

Fe(e) =  Gs(77(c,Gp)) if (s, Gp) <e <b (A7)
Gs(c) ifc>b

and
v=>b ©v=¢(0b,Gs), c=rn(sGp), c=5.

Condition C1 guarantees the functions (-, Gs) in (3.3) and 7 (-, Gs) in (3.4) are well-defined. Since
b is the lower endpoint of the support of Gg, so for all v < v = b, Fy(v) = 0, and by definition,
Fy(v) = 1forallv > o = &(b, Gs). Moreover, because Fy () = Gg(¢~1(&(b,Gs),Gs)) = Gp(b) =1,
Fy(s) = Gg(&1(&(s,Gs),Gs)) = Gg(s), Gp is continuous and strictly increasing on [b, b] by C2, and
&7 1(+,Gs) is continuous and strictly increasing on [&(s, Gs), &(b, Gs)] by C3. Then Fy(-) defined by
(A.6) is continuous and strictly increasing on [b, &(b, Gs)] = [v, 7). Therefore Fy is a valid absolutely
continuous distribution with support [v,7], i.e. Fy € |, 5 as required. We can also show Fc € Z|
in similar way.

We shall show that the distributions Fy and F¢ of buyer’s and seller’s respective private values
can rationalize G in a sealed-bid k-double auction, i.e. Gg(b) = Fv(ﬁgl(b)) on [b,b] and Gs(s) =
Fe( /3;1 (s)) on [s,5] for some regular equilibrium profile (Bg, Bs). By construction of Fy and F¢, we

have

Gp(b) = Fy()L(b < b < 5) + Fy((b, Gs))1(s < b < D)
—Fy (bIl(Q <b<s)+&bGsl(s<b< E))

forb € [b,b] and

Gs(s) = Fc((s, Gp))U(s < s < D) + Fe(s)L(b <5 <5)

<
= IFc (17(5, Gp)l(s <s<b)+s1(b<s< §))

for s € [s,5], where 1( - ) is the indicator function. Define

then by C3 and C4, &, (-, Gs) is continuous and strictly increasing on [b, b] and so is 77.( -, Gp) on [s, 5].
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Define bidding strategies

B (0) v ifv<o<s AS)
B\U) = )
& (v,Gs) ifs<v<D
ﬁS(C)— n (C GB) 1f£<C<E (Ag)
c ifb<c<c

so that Bp(-) = & !(+,Gs) and Bs(-) = n:1(-,Gg). By construction of these strategies, A1-A3 in
Assumption C are satisfied, and also, Gg(b) = Fy (B3 (b)) and Gs(s) = Fc(ﬁgl(s)) so that G is the
induced bid distribution for (Fy, F¢) defined in (A.6) and (A.7) by the strategy profile (B, Bs) defined
above. Thus it remains to show (B3, Bs) is indeed an equilibrium. We show that the optimal bid for
the buyer with private value v is Bg(v). A similar argument shows that S is optimal for the seller.

Obviously, if v < s, then the buyer cannot make an advantageous trade and bidding Bz(v) = v
achieves zero as her greatest possible expected profit. Suppose v > s, since Gg is the induced seller’s
bid distribution, then for bid b € [s, b], by (2.1) we obtain

80:5) — kG(b) + (0 — kb)gs(b) — (1 K)bgs ()

— 50 |o— (04K ) | = ss(b) - (6,9l

Because gs(b) is positive, the monotonicity of (-, Gs) by C3 implies that drtg(b,v) /b > 0 for all
b < & 1(v,Gs) and 97tp(b,v)/9b < 0 forall b > &~ (v, Gs). Therefore, b = &~ (v, Gs) = Bp(v) is the
unique maximizer of the buyer’s expected profit in [s, b]. Now we show that the buyer would not
want to choose bid within [b, 3], either. Recall that we have already shown that C5 is equivalent to
ng(b',v) < mp(b,v) forany v > b and any b’ € [b,5] when b = ¢~ 1(v,Gs) = Bp(v) in the proof of
Theorem 1, this is established straightforwardly because choosing a bid within [b, 3] is profitable only
for the buyer with private value v > b. Finally, given 5 is the highest seller’s bid, any buyer’s bid
greater than s will be dominated by 5. Hence, Fy and F¢ indeed rationalize G in a sealed-bid k-double
auction.

Step 2. From the proof of Theorem 1, we know that &(-, Gs) = B3 () and 5(+,Gp) = ﬁgl (-)on
[s,b] when Fy(-) and Fc(-) exist. Since Fy(-) = Gp(Bp(+)) and Fc(+) = Gs(Bs(+)), then Fy(-) =
Gp(&1(+,Gs)) and Fe(-) = Gs(y:1(-,Gg)). Because &(-,Gs) is uniquely determined by Gs/(-)
and 7( -, Gg) is uniquely determined by Gg(-), it follows that §. (-, Gs) and 7. (-, Gp) are uniquely
determined by G. Hence, the private value distribution (Fy, F¢) that rationalizes G is unique.

This hence establishes the identification of F; and F¢ from any given G € 4 satisfying C1-
Ce. O

A.4 Proof of Lemma 2

It is straightforward to see that conditions C3-C4 are implied by C7-C8. It then suffices to show that
C5 and C6 are implied by C7 and C8.
We shall only show C7, more precisely, the monotonicity of ¢(-,Gg), implies C5. A similar
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argument can show that C8 implies C6. For buyer with private value v, since

aﬂB(b, Z))

b :gS(b) [U_g(b/GS)]’

then strictly increasing (-, Gs) on [s, 5] ensures that for any b € (¢~!(v, Gs),5], 97t (b,v)/9b < 0,
therefore, the expected profit of the buyer 75(b,v) is strictly decreasing in the buyer’s bid. For
b’ € [b,5] and b < b such that &(b, Gs) > b/, letv = &(b, Gs), then it follows from the above conclusion
that

V>b>b=¢1v,Gs) = mp(t,v) < mp(bo),

which is equivalent to C5 as shown in the proof of Theorem 1. O

A.5 Proof of Corollary 1

By Theorem 1, C1-C4 hold. Let m =Pr(s<S<BK E). By definition of G;, D1 is the direct corollary
of C1. Using ¢2(b,s) = g(b,s)/m’ and ¢(b,s) = ¢gp(b)gs(s) by C2, we have

g8(b)gB(b)gs(s)gs(s")

m'2

82(b,5)ga2(V',5') = 82(b,5")g2 (V') =

7

so D2 holds. D3 and D4 are implied by C3 and C4, respectively. O

A.6 Proof of Corollary 2

By condition D1 and Lemma 1, we have ¢ < s < b <7, namely condition E1 holds.
Notice that, by D3 and D4, (3.9) is equivalent to

Fy(¢(b,Gs)) — Fy(s) _ Gp(b) —Gg(s)  Fc(n(s,Gg)) _ Gs(s)

S
1- FV(§) 1-Ggp (ﬁ) ! Fc(b) GS (E) (A.10)

for (b,s) € [s, b]?.
We next establish condition E2 by showing (A.10). According to the proof of Theorem 2, G can
only be rationalized by (Fy, Fc) defined in (A.6) and (A.7) which imply

Fy(E(b,Gs)) = Gp(b), Fc(i(s,Gp)) = Gs(s) (A1)

fors = ¢ I(s, Gs) < b < bands < s < 17’1(5, Gp) = b. By (A.11) and using ¢(s,Gs) = s,
n (b, Gg) = b, we have condition (A.10) to hold for all F; and Fc. We hence establish condition E2.

In addition, according to Theorem 1, G satisfies conditions C5 and C6. Given the equilibrium
strategies are regular, we have Gs(s) = Fc(s) for all s > b and Gs(s) = Fc((s,Gp)) for all s < b,
therefore, (3.10) immediately follows from (3.7). A similar argument can show (3.11) follows from
(3.8), too. We therefore establish condition E3.

The sharpness of identified set is implied by the rationalization result of Corollary 1. This completes

the whole proof. O
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A.7 Proof of Lemma 3

First, we will establish the following two properties on bidding strategies: (M1) under Assumption F,
any regular equilibrium strategies 5 and B are twice continuously differentiable on [s, 7] and [c, b],
respectively; (M2) for any v € [s, 7] and any ¢ € [c, ], B (v) = e > 0 and B(c) > €5 > 0. To show
(M1), we need to rewrite (3.1) and (3.2) as follows:

5 (0) = Lol 1B (Bs(e) — Bs(e)]
S k- Fc(c) ’
;o fv(v)[Br(v) — Bs'(Be(v))]

) = -]

(A.12)

(A.13)

By definition, any pair of regular equilibrium strategies 5 and Bg is continuously differentiable
on [s,7] and [c, b], respectively (see Assumption C). Consequently, under Assumption F, (A.12) and
(A.13) imply that B (-) and B} () are continuously differentiable on [¢, b] and [s, 7], respectively. This
further implies that 85 and B are twice continuously differentiable on [c, b] and [s, 7]. This completes
the proof of (M1).

Now we establish (M2). By definition of regular equilibrium, the seller’s and buyer’s bidding
strategies are continuously differentiable with positive derivative on [c, b] and [s, 7], respectively (see
condition A2 of Assumption C), i.e., B5(-) and B (-) are continuous and positive on [c, b] and s, 7].
By extreme value theorem, B () and B (- ) have positive minimum and maximum on [c, b] and [s, 7],
respectively. The conclusion of (M2) therefore follows.

By (A.4) and (A.5), conditions (M1) and (M2) imply that both (-, Gs) and #(-, Gg) are twice

continuously differentiable on [s, b]. Note that

-1
ey - Lol

fr(B5' (D)) |
B B5(Bs'(s))

b) =
) =g 1))

In addition, fy and fc are bounded away from 0 by Assumption F, and p and B are bounded away
from 0 by (M2). The conclusion of part (i) then follows. Because Gp(b) = Fv(ﬁgl (b)) = Fy(&(b,Gs))
for b € [s,b], the result about Gp in part (ii) follows from that both Fy(-) and &(-,Gs) are twice
continuously differentiable on [s, b]. The result about Gs in part (ii) can be shown similarly. Lastly, to
prove part (iii), we note that (3.3) and (3.4) give

Gs(s)
C(S/ GS) —s’

1—Gg(b)

gs(s) =k m-

gp(b) = (1—k)

Since every term on the right-hand side is twice continuously differentiable, the desired conclusion
follows. J
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A.8 Proof of Lemma 4

For part (i), since § > §,@ <band |8 —s| = Op(1/n), |§ —b| = Op(1/n), the estimation error of § and
b is negligible. Similar to Theorem 2.1 of Karunamuni and Zhang (2008), it can be shown that on [s, b],

sup |¢5(b) —gp(b)| = Op(hf +/logn/(nhg)), sup |gs(s) —gs(s)| = Op(h3 + \/logn/(nhs)),

be(s,b) s€lsb]

where both convergence rates can be simplified as O ((log 1/ n)?/ %) under Assumption H. Although
¢ (or gs) is discontinuous at s (or b), we can similarly use the boundary-corrected density kernel
estimator to estimated gg (or gs) on interval [b, 5] (or interval [b,5]) and with the same argument we
can get that ¢3 (or ¢s) converges to the true density at the same rate as on interval [s, b], then the
desired uniform consistency results on the whole support of gp or g5 follow.

We next show part (ii). We shall show the convergence rate of sup; |V; — Vi|. The result for
sup; |C; — C;| can be shown analogously.

It follows from the definition of (b, Gs) and (4.1) that

A

|Gs(B;) — Gs(B;)| | Gs(B;)
gs(B;) gs(B;)?

+0(|Gs(Bi) — Gs(B:)]) +0(|gs(B:) —gs(Bi)D}

85(Bi) — gs(Bi)|

|Gs(B;) — Gs(B;)| | Gs(B))

< su
B,E[SJPE] { gS(BZ) gS(Bi)z

85(Bi) — gs(Bi)|

+0(|Gs(B;i) — Gs(B:)]) +0(|gs(B:) —gs(Bi)|)}

supyc (o5 |Gs(b) = Gs(b) 1 )
S + — sup |gs(b) — gs(b)|
s 0% belsi
+o( sup [Gs(b) — Gs(b)|) +o( sup [§s(b) — gs(b)])-
be[s b bels bl

(A.14)

where the last inequality holds since, for any b, gs(b) > ag and Gg(b) < 1. Then,

supy. (5 [Gs(b) — Gs(b)]
&g

— > 1 5
sup1(V; € [s,7])|V; — Vi| < + — sup |¢s(b) —gs(b)|
i S

bels,b]

+o( sup |Gs(b) — Gs(b)|) +o( sup |§s(b) —gs(b)]).
be(s,b] be(s,b]
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Given that SUPpe s |Gs(b) — Gs(b)| < suppeg |Gs(b) — Gs(b)| = Op(logn/+/n), it follows from
part (i) that
sup 1(V; € [5,9])|V; — Vi| = Op((logn/n)?/%). (A.15)
i

Since by regular equilibrium assumption, the buyer with private value v < s will bid b = v and hence
V; = B; = V.. Then we can extend the result in (A.15) to all V; € [v,7] so that

sup |V; — V| = sup 1(V; € [5,9])|V; — Vi| = Op((logn/n)>/5).
i i
This completes the whole proof. O

A.9 Proof of Theorem 3

We shall only show the uniform convergence result of |fy(-) — fy(-)|. The result of |fc(-) — fc(-)| can
be shown similarly, and is hence omitted.

Let %y be a closed inner subset of [v,7], and fy () be the (infeasible) one-step boundary-corrected
kernel density estimator which uses the unobserved true private values V; instead of V;. Applying
similar argument to establish part (i) of Lemma 4, we can show that sup,,c(, |fv(v) — fv(v)| =
Op ((logn/n)1/5> given a bandwidth hy = )\V(logn/n)l/5 Since fy (v) — fv (v) = [fv(v) — fv(0)] +
[fv(0) = fv(v)], it remains to show that sup ¢ |fv(0) — fv(v)| = Op((logn/n)/%).

Let €, = Upeg, [v — A, v+ Al and 6} = Uneey [v — A, v + A] for some A > 0. By construction,
%\, and ¢/ are also closed, and 6y C ¢}, C ¢}/. Since %y is a closed inner subset of [v,7], A can be
chosen small enough such that ¢}/ C [v,7]. Now by part (ii) of Lemma 4, for v € %y and n large
enough, fy(v) uses at most observations V; in %\, and for which V; is in %}/. Because for any v € %y,
fv(v) uses at most V; in €}/ and both fy(v) and fy (v) are numerically identical to the standard kernel

density estimator, we obtain

A second-order Taylor expansion gives

Z[ € e ><Vi—vi).%1</v(v%vvi

fv(@) = Fr(o)| = |- )]

I’lhv
b YA e G - VP K (L
2nhy = Y YoV h

where V; is some point between Vi and V;. By triangular inequality,

A ~ 1 ¢ N 2
@) = Fr(@)] < — Y-V € )|V = Vi] - [ Ky (=)
Vi v

1 < g AYA T '2. y 0 —
+2nh%/§]1(vz€‘€v)(vz Vi)~ K ( - ). (A.16)
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Because |K{, (v;‘/vl) ’ < sup,, |[K[ ()|, then the right-hand side of (A.16) is bounded by
1 A 2
i Slll'p]l (Vi e 69)|Vi — Vi - h 2| v( ’+2h3 Slllp]l(v eey)|Vi— Vi SLIip|K§}(u)|
By part (ii) of Lemma 4 and Assumption H,
n —
(@) = oe)] < Op(ogn/m ) - Z5 35 K (T |+ Op(logn/m)1 /%) -sup K ).

=1
(A.17)

It can be shown that nh YKy (7’7 1)| converges uniformly to fy(v) [ |K{,(u)|du thus it is
bounded uniformly. Moreover, sup,, |K{, ()| < co by Assumption G. It then follows that SUPeqs, | fr(v) —
fv(v)| = Op((logn/n)!/?). The desired conclusion therefore follows. O

B Supplementary Material

B.1 Identification of Pricing Weight k from Quantiles of Transaction Price

Let ¥x(p) = Pr(P < p) be the distribution function of transaction price, where the subscript k
indicates the value of this function could also depend on the pricing weight k. Since ¥;(p) =
Pr(kB+ (1—-k)S<p|s<S<B<b),for0<k<1, wehave

/ / 2(b,s)dbds, if p<kb+ (1—K)s,
Yi(p) = (B.1)
1 —/ o 82(bs)dsdb, ifp> Kb+ (1-K)s,
P ar

where the density function g»(b,s) = g(b,s)/ Pr(s < S < B < b) is the joint density of transacted bids.
When k = 0, since P = S,

_ /sp /Sbgz(b,s) dbds, (B.2)

and similarly, when k =1,

P)Z/sp/sbgz(bfs)debz/Sp/spgz(b,s)dbds. (B.3)

In order to establish the conditions on recovering k from the distributions of bids and price, we

firstly show the following lemma.

Lemma 5. For any fixed p € (s,b), Yi(p) is continuous and strictly decreasing in k € [0,1].
Proof. See Appendix C.1. O

The intuition behind Lemma 5 is given in Figure 4a. This lemma implies that the distribution
function (and hence the quantile function) of transaction price is continuous and strictly monotonic

in k. If we know some ath-quantile of the transaction price P, say p,, such that s < p, < b and
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Y1(pa) < a < ¥o(pa), then by Lemma 5, there exists a unique k* € [0, 1] such that
Yy (pa) = @ (B.4)

Thus, the value of k can be obtained by solving equation (B.4) for k*.2! Such an idea is shown by
Figure 4b.

Seller’s bid, S B=S

pl----t----- k=0
Ay |
Az kq 1
gf----- |
S k=1 Ry | ‘
l } . Buyer’s bid l !
b P b B 0 k* 1 k
(a) Intuition of Lemma 5. Here 0 < k1 < k» < 1, (b) Recovering k from a price quantile p,.
then ‘Fkl (p) = ffAlquUAg gZ(b/S) dbds/ ‘sz(P) =
JSa,0n, 82(b,5) dbds.

Figure 4: Identification of pricing weight k from quantiles of transaction price

B.2 Density estimator with bias correction

We give the general definition of our bias corrected kernel density estimator in this section. For a
random sample {Xj, ..., X, } that is drawn from a distribution F with a continuously differentiable
density f and support [x, X], the boundary corrected kernel density estimator of f on interval [a1,a;] C
[x, %] is defined as

n R . R % pp— — L — .
P = Y 0y < Xy <aa) [ (F K 4 (TN g 2o Rl )
i=1

)], (B.5)
where

91(u) = u+diu® + Ad2uB,  Fo(u) = u+ dou® + Ad3u?,

21 Notice that, for fixed k and p, ¥ (p) is identified from the distribution of transacted bids by (B.1).
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with

1y W+Xi—a 1
2:h/{108[721(111<X1<112)K( h'l 2)+ﬁ]
=1
n X 1
log [max (- 3" (e < Xi < a2)Ko(Z2), =)},
hy = hy n

and

(S, 2K () du)” - [, K3 () du 1
(LO1 ”ZKO(”)dM)Z'f,ll K2(u) du '

Ko(u) = (6 +18u +12u%) - 1(~1 < u < 0), hj = [

B.3 Asymptotic results with smoother private value densities

This section provides supplementary asymptotic results when the private value densities have up to
R-th order derivatives for R > 2. These results provide the uniform convergence rates of bid density
estimate, pseudo value estimate, and value density estimate on any closed inner subset of a given
support under the private value densities smoother than the ones in Section 4. They are parallel to the
asymptotic properties of Guerre, Perrigne, and Vuong (2000)’s two-step estimator of private value
density in first-price auctions. Note that our estimators (with bias correction) actually degenerate
to the estimators without bias correction in the interior of a support when the sample size is large
enough, thus all asymptotic results of this section can also be viewed as the ones for the estimators
without bias correction.

We state the assumptions under which the supplementary asymptotic results are established.

Assumption F'. Fy and Fc admit up to R + 1 continuous bounded derivatives on [v, D] and [c, €|, respectively.
In addition, fy(v) > ay > 0forallv € [v,7]; fc(c) = ac > 0forall c € [c,7].

Assumption G’. (i) The kernels Kg, Kg, Ky, K¢ are symmetric with support [—1, 1] and have twice continuous
bounded derivatives. (ii) Kg, Kg, Ky and K¢ are of order R+ 1, R+ 1, R, and R.

Assumption H'. The bandwidths hg, hs, hy, hc are of the form:

)1/(2R+3) )1/ 2R+3) )1/ 2R+3)

hg=Ag(logn/n hs=Ag(logn/n Jhy =AMy (logn/n Jhe=Ac(logn/n

where the A’s are positive constants. The parameters Ap, Ag, Ay, Ac > 1/3 and the secondary bandwidths are
of the form:

I, — 1pnV/(2R+3), I — o1/ (2R43), i, — ryn~ 1/ (QR+3), - — 1o~ V/(@R43),

where the T's are positive constants.
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Assumptions F to H can be viewed as a special case of Assumptions F’ to H” with R = 1,
respectively.
The first lemma generalizes Lemma 3 to the case with private densities admitting up to R-th order

derivatives.

Lemma 6. Given Assumption F’, the distributions of regular equilibrium bids Gg and Gg satisfy:
(i) forany b € [b,b] and any s € [s,5], gp(b) = ap > 0, g5(s) = as > 0;
(ii) Gpand Gs admit up to R + 1 continuous bounded derivatives on [s, b);

(iii) gp and gs admit up to R + 1 continuous bounded derivatives on s, b).

The proof of Lemma 6 is a straightforward extension of the proof for Lemma 3 in Appendix A.7, and
is hence omitted here.
The second lemma studies the uniform convergence rate of bid density estimator and pseudo

private values on a close inner subset of transacted interval.

Lemma 7. Under Assumption E and Assumptions F’ to H’,
(i). for any (fixed) closed inner subset €5 of [s, b),

sup |¢p(b) — gp(b)| = Op((logn/n)(R+1)/(2R+3))’ sup |85(s) — gs(s)| = Op((logn/n)(RH)/(zRJrs))_

bety sEG
(ii). For any (fixed) closed inner subsets €y of [s, 0] and 6¢ of [c, b),

sup(V; € @y)|V; — Vi| =0y ((log n/n) ®+D/283)) sup1(C; € )| — Ci| =0y ((logn/m) KD/ 2R3),
1 1

Proof. See Appendix C.3. O

Lemma 7 shows that, if the primary bandwidths kg and hg are of order (logn/n)'/ (2R+3) according to
Assumption H’, both the bid density estimators and pseudo private values achieve a rate of uniform
convergence, (logn/n)R+1)/(2R+3) on any closed inner subset of transacted interval.

The third result is about the uniform convergence rate of the two-step estimator of value density

on a closed inner subset excluding s and b.

Proposition 1. Under Assumption E and Assumptions F’ to H’, for any (fixed) closed inner subsets €y of

[0, 9]\ {s} and ¢c of [c,c]\{b},

sup |fy (v) — fy(0)| = Op((logn/m)* PR+3), sup | fc(c) — fe(e)| = Op((logn/n)R/ K3,

vEGY c€Ebe
Proof. See Appendix C.4. O

Proposition 1 establishes the uniform consistency of our two-step estimator of the bidders’ private
value density on any closed inner subset of value support excluding s (or b). The rate of convergence
coincides with the optimal convergence rate of Guerre, Perrigne, and Vuong (2000) for the first-price
auctions. However, it does not provide the uniform convergence rate of value density on a closed

inner subset containing s (or b), although the value density is continuous at this interior point s (or b).
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C Proofs of Lemmas and Proposition in Supplementary Material

C.1 Proof of Lemma5

First, note that when k € (0, 1], we can rewrite (B.1) and (B.3) together as

/ / min( 22(b,s) dbds. 1)

Keep p € (s,b) fixed and define a function ¢ as the inner integral in (C.1), i.

mm(p (1k k) ,b)
p(k,s) = / 22(b,s)db, ke (0,1], s € [s p] (C2)

S

Since g»(b, s) is integrable, so ¢ is continuous in the upper limit of integral. And since the upper
limit, min (w b) is continuous in k, so ¢ is continuous in k. Note that g»(b,s) > 0 because
the interval of integration is in the support of G, and note that min (%,7) < b, thus for any
ke (0,1],

b
0<g(ks) < /s 22(b,s)db = ¢(s), Vse€]spl

Therefore, for any k € (0, 1], for any sequence {k;, } in (0, 1] such that k,, — k as n — oo, by continuity
of ¢ in k, we have ¢,(s) = ¢(kn,s) converges pointwise to $(s) = ¢(k,s) on [s, p]. Since §(s) is

integrable, by dominated convergence theorem, as n — oo,

/; Pn(s)ds — /: @(s)ds,

hence/ IIIkn(lg) — Tk(ﬁ)
To see the (right) continuity at k = 0, we just need to rewrite (B.1) and (B.2) as

b b
kp):1_/p o 2(bs)dsdh, 0<k<P
Tk

and define

b _ _
lp(k,b)_—/plkbg(b,s)ds, ke {O,Z S),be[p,b].

—S

Then applying analogous argument, we have 1 is continuous in k so that for sequence {k;, } in {0, s )
such that k, — 0, the sequence {1;1,1( ) = ¢(kn,b)} converges pointwise to $(b) = (0,b). Since
{¢n(b)} is dominated by ¢ (b f g(b,s)ds, we finally can get ¥y, (p) — ¥o(p).

It remains to show the monoton1c1ty of ¥i(p) in k. Suppose 0 < k1 < k» <1, then by (B.1), (B.2),
and (B.3):

(i) If ko < then

b b5k
Y, (p) — ¥i,(p) = /p / bl_:l <2(b,s)dsdb >0
Jp Jo-{E
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b—p b—p
due to =k = Tk
(i) If kg > p then

Y

¥y (p) — ¥, (p // T a(bys)dbds > 0

dueto =2 < pk—.

(iii) If kq < T:; < ky, then

Yi, (p) — ¥i (p / /“b

where the first term is non-negative and the second one is positive.

w\

\vx

2(b,5) dbds+// ”h . &2(b,5)dsdb >0,

(b—p)(b—s)
P

C.2 Proof of Lemma 6

First, we will establish the following two properties on bidding strategies: (M1) under Assumption F,

any regular equilibrium strategies fp and Bg admit up to R + 1 continuous and bounded derivatives

on [s,7] and [c, b], respectively; (M2) for any v € [s,7] and any ¢ € [c,b], B3(v) > ep > 0 and
Bs(c) = es > 0. To show (M1), we need to rewrite (3.1) and (3.2) as follows:

fe(e) |B5" (Bs(e)) — Bs(c))
k- Fc(c) '
fr(0) [Ba(2) = B3 (B(0))]
(=0 —F(o)]

Bs(c) = (C.3)

Bp(v) = (C4)
By definition, any pair of regular equilibrium strategies fp and fg is continuously differentiable
on [s,7] and [c, ], respectively (see Assumption C). Consequently, under Assumption F/, (C.3) and
(C.4) imply that B%(-) and B/ (-) are continuously differentiable on [c, b] and [s, 7], respectively. This
further implies that 85 and B are twice continuously differentiable on [c, b] and [s, 7]. Again, under
Assumption F, (A.12) and (A.13) imply that f5(-) and B5(-) are twice continuously differentiable,
and hence Bs and B admit up to third continuous bounded derivatives on [c, b] and [s, 7], respectively.
This argument can go on until we conclude that 85 and g admit up to R + 1 continuous bounded
derivatives, respectively, on [c, b] and [s, 7]. This completes the proof of (M1).

Now we establish (M2). By definition of regular equilibrium, the seller’s and buyer’s bidding
strategies are continuously differentiable with positive derivative on [c, b] and [s, 7], respectively (see
condition A2 of Assumption C), i.e., B5(-) and B (-) are continuous and positive on [c, b] and [s, 7].
By extreme value theorem, B (-) and B/ (- ) have positive minimum and maximum on [c, b] and [s, 7],
respectively. The conclusion of (M2) therefore follows.

It was shown earlier that (-, Gs) and 7 (-, Gg) solve

Vb,s€lsbl: Bp(E(b,Gs)) =b, PBs(y(s,Gp)) =
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it follows from (M1), (M2) and Lemma C1 of Guerre, Perrigne, and Vuong (2000) that both ¢( -, Gs)
and 77( -, Gg) admit up to R + 1 continuous and bounded derivatives on [s, b]. Note that

fr(Bs' (b))
BBy (b))’

fe(Bs'(s))

b) = .
& (0) BL(Bs1(5))

8s(s) =
In addition, fy and fc are bounded away from 0 by Assumption F, and B} and B are bounded by (M2).
The conclusion of part (i) then follows. Because Gg(b) = Fy(B5' (b)) = Fy(&(b, Gs)) for b € [s,b],
the result about Gp in part (ii) follows from that both Fy () and (-, Gg) have R + 1 continuous and
bounded derivatives on [s, b]. The result about Gs in part (ii) can be proven similarly. Lastly, to prove
part (iii), we note that (3.3) and (3.4) give

Gs(s)
C(Sr GS) —s’

1—Gg(b)

gS(S):k b—ﬂ(b,GB)

gp(b) = (1—k)

Since every term on the right-hand side admits up to R + 1 continuous and bounded derivatives, the

desired result follows. O

C.3 Proof of Lemma?7

For part (i), we shall only show the convergence rate of sup bet,

$p(b) —gp(b)|. Therate of sup e 18s(s) —
2s(s)| can be shown similarly.

Note § > g,@ <bandasn — oo, § LN s and? 2 b. Given lim, e hp = 0 by Assumption H’,
for sufficiently large n, ¢, C [3 + hg,i — hp] and therefore the boundary-corrected kernel density
estimator ¢g will be numerically identical to the standard kernel density estimator ¢p (without
boundary correction). Thus, using the existing results for the standard kernel density estimator (see

Li and Racine (2006), page 31, Theorem 1.4), we have under Assumption E and Assumptions F’ to H’,

R+1
5 logn log n\ 2R+3
me@—@wwﬂ%@yu. g>:%<(g> >.

bet; nhg n

We next show part (ii). We only establish the convergence rate of sup,; 1(V; € 4y) |V; — Vi|. The
case of sup;, 1(C; € %¢)|C; — C;| can be shown in a similar way.

Define 63 = {b € [s,b]|&(b,Gs) € 6y }. Because &(-,Gs) is a strictly increasing continuous
function and %y is a closed inner subset of [s, 7], then %3 is also a (fixed) closed inner subset of [s, b].
Following an argument similar to (A.14) by replacing [s, 7] and [s, b] with %}, and %3, respectively, we

can get
supcq |Gs(b) — Gs(b)| 1

+ — sup |¢s(b) — gs(b)|
Qg a2 becél?B 8

+o0 (Sup |Gs(b) — Gs(b)|> +o0 (SHP 18s(D) —gs(b)|> :

be%y be%y

L(V; € ev)|Vi = Vi <
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which implies that

UPhery 1G5 0) G5Ol | 1 (o) — gs(0)
g S beéy

+o (Sup |Gs(b) — Gs(b)|> +o (SUP 185(D) —gs(b)l) :

be€6y be6y

sup1(V; € %) [V; - Vil <
i

Since supy ¢, |Gs(b) — Gs(b)| < supe |Gs(b) — Gs(b)| = Op(log n/+/n), the desired result follows
from part (i) and O, (max <log n/+/n, (logn/n) (R+1)/ (2R+3))) ((logn/n) (R+1) (2R+3)>. O

C.4 Proof of Proposition 1

We will only establish the result of |fy (-) — fy(-)|. The case of |fc(-) — fc(-)| can be shown similarly.
We consider the first case that % is a closed inner subset of [s,7]. Let fy(v) define the (infeasi-
ble) one-step boundary-corrected kernel density estimator which uses the unobserved true private
values V; instead of V;. Similar to part (i) of Lemma 7, we can show that sup,, ey | fr(v) — fv(v)| =
Op((logn/n)R/ (2R+3)) under a bandwidth of hy = Ay(logn/n)'/2R+3). Since fy(v) — fy(v) =
[y (0) = fu (@) + [y (0) — fu (0)], it remains to show sup, g, |y (0) — fy (0)] = Oy ((log n/m)R/CR+3)).
Let %V = Uvegy [0 — A, v+ Al and 677 = Usew;, [v — A, v+ A] for some A > 0. Similar to the proof

of Theorem 3 in Appendix A.9, for small enough A and large enough 7, we can obtain the following

; (v—V;
KV( hy )‘

n
— YWV e (V- V)
+2nh€’,i§ ( ZG%V)( 1 z)

inequality analogous to (A.16)

n

Y WV e6y) |Vi— V|-

2
nhy i=

Ky (”;V >' (C.5)

K (Uh_‘;i) ’ < sup,, |[K{ ()|, then the right-hand side of (C.5) is bounded by

Because

n

3

i=1

L supL(V; € &) |V — Vi -
hy

U—V 1 A 2
K?z( >’+SUP1(W€%’)|%—W! -sup |Ky(u)].
u

Tlhv hV 243 i

By part (ii) of Lemma 7 and Assumption H’,

fv(v) —fv(v)‘ <O, ((10§n>2m3> 1 i

nhy =

2R-1

-V logn\ 2R3
K (7)1)‘+O ( ) sup | K (1)1,
v hV b n up| V( )|
(C.6)
K/ (v Vi )‘ converges uniformly to fy(v) ffw |K{,(u)| du thus it
is bounded uniformly. Moreover, sup,, |K{§(u)| < oo by Assumption G. Since R > 1 implies

1 n
It can be shown that 737,

% = ﬁ, it follows that SUP,eq, |fv(v) —fV(y)| = 0y ((]Ogn/n)R/ 2R+3)) and therefore
SUP,cq, Ifv(v) — fy(v)] = ((1Ogn/n)R/ 2R+3))

Now we consider the other case that €y is a closed inner subset of [v,s| when s > v. By regular

equilibrium assumption, the buyer with private value v < s will bid b = v, thus we have V; = B; = V..
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Thus fy is in fact the one-step boundary-corrected kernel estimator for fi on [v,s]. Similar to part (i)
of Lemma 7, we can show that sup,., Ifv(v) = fy(v)| = Op ((log n/n)R/(2R+3)>.
Since any given closed inner subset ¢y C [v,7]\{s} is a union of at most two closed inner subsets

respectively belonging to the two cases above, the desired conclusion therefore follows. O

References

ARADILLAS-LOPEZ, A., A. GANDHI, AND D. QUINT (2013): “Identification and inference in ascending
auctions with correlated private values,” Econometrica, 81(2), 489-534.

ATHEY, S. C., AND P. A. HAILE (2007): “Nonparametric Approaches to Auctions,” in Handbook of
Econometrics, Vol. 6A, ed. by J. J. Heckman, and E. E. Leamer, pp. 3847-3965. Elsevier.

AUSUBEL, L. M., P. CRAMTON, AND R. J. DENECKERE (2002): “Bargaining with incomplete informa-
tion,” Handbook of game theory with economic applications, 3, 1897-1945.

BACKuUS, M., T. BLAKE, B. LARSEN, AND S. TADELIS (2020): “Sequential bargaining in the field:
Evidence from millions of online bargaining interactions,” The Quarterly Journal of Economics, 135(3),
1319-1361.

BAckus, M., T. BLAKE, J. PETTUS, AND S. TADELIS (2020): “Communication and bargaining break-

down: An empirical analysis,” Discussion paper, National Bureau of Economic Research.

BACKUS, M., T. BLAKE, AND S. TADELIS (2019): “On the empirical content of cheap-talk signaling:
An application to bargaining,” Journal of Political Economy, 127(4), 1599-1628.

BAGWELL, K., R. W. STAIGER, AND A. YURUKOGLU (2020): “Multilateral trade bargaining: A first
look at the GATT bargaining records,” American Economic Journal: Applied Economics, 12(3), 72-105.

BAJARI, P., AND A. HORTACSU (2005): “Are structural estimates of auction models reasonable?
Evidence from experimental data,” Journal of Political economy, 113(4), 703-741.

BRAMS, S. J., AND D. M. KILGOUR (1996): “Bargaining procedures that induce honesty,” Group
Decision and Negotiation, 5(3), 239-262.

CHATTERJEE, K., AND W. SAMUELSON (1983): “Bargaining under Incomplete Information,” Operations
Research, 31(5), 835-851.

CHEN, X., M. L. GENTRY, T. LI, AND ]J. LU (2020): “Identification and inference in first-price auctions
with risk averse bidders and selective entry,” Cowles foundation discussion paper no. 2257, Yale

University.

DANIEL, T. E., D. A. SEALE, AND A. RAPOPORT (1998): “Strategic play and adaptive learning in the
sealed-bid bargaining mechanism,” Journal of Mathematical Psychology, 42(2-3), 133-166.

DIERMEIER, D., H. ERASLAN, AND A. MERLO (2003): “A structural model of government formation,”
Econometrica, 71(1), 27-70.

40



ERASLAN, H. (2008): “Corporate Bankruptcy Reorganizations: Estimates from a Bargaining Model,”
International Economic Review, pp. 659-681.

FANG, H., aND X. TANG (2014): “Inference of bidders’ risk attitudes in ascending auctions with
endogenous entry,” Journal of Econometrics, 180(2), 198-216.

GENESOVE, D. (1991): “Coconuts, lemons and pies: Adverse selection, search and bargaining in the

wholesale used car market,” Ph.D. thesis, Ph. D. Thesis, Princeton University.

GENTRY, M., aAND T. LI (2014): “Identification in Auctions With Selective Entry,” Econometrica, 82(1),
315-344.

GENTRY, M. L., T. P. HUBBARD, D. NEKIPELOV, AND H. J. PAARSCH (2018): “Structural econometrics

of auctions: a review,” Foundations and Trends® in Econometrics, 9(2-4), 79-302.

GRENNAN, M., AND A. SWANSON (2020): “Transparency and negotiated prices: The value of informa-
tion in hospital-supplier bargaining,” Journal of Political Economy, 128(4), 1234-1268.

’

GROSSMAN, S. J., AND M. PERRY (1986): “Sequential bargaining under asymmetric information,”
Journal of Economic Theory, 39(1), 120-154.

GUERRE, E., I. PERRIGNE, AND Q. VUONG (2000): “Optimal Nonparametric Estimation of First-Price
Auctions,” Econometrica, 68(3), 525-574.

HAILE, P. A., AND E. TAMER (2003): “Inference with an Incomplete Model of English Auctions,”
Journal of Political Economy, 111(1), 1-51.

HENDRICKS, K., AND R. H. PORTER (2007): “An Empirical Perspective on Auctions,” Handbook of
Industrial Organization, 3(06), 2073-2143.

HICKMAN, B. R., AND T. P. HUBBARD (2014): “Replacing Sample Trimming with Boundary Correction
in Nonparametric Estimation of First-Price Auctions,” Journal of Applied Econometrics.

HickMAN, B. R., T. P. HUBBARD, AND Y. SAGLAM (2012): “Structural econometric methods in
auctions: A guide to the literature,” Journal of Econometric Methods, 1(1), 67-106.

HORTAGSU, A., aND I. PERRIGNE (2021): “Empirical perspectives on auctions,” in Handbook of
Industrial Organization, vol. 5, pp. 81-175. Elsevier.

7

JUN, S. J., AND F. ZINCENKO (2022): “Testing for risk aversion in first-price sealed-bid auctions,”
Journal of Econometrics, 226(2), 295-320.

KADAN, O. (2007): “Equilibrium in the Two-Player, k-Double Auction with Affiliated Private Values,”
Journal of Economic Theory, 135(1), 495-513.

KARUNAMUNTI, R. J., AND S. ZHANG (2008): “Some Improvements on a Boundary Corrected Kernel
Density Estimator,” Statistics & Probability Letters, 78(5), 499-507.

KENISTON, D. (2011): “Bargaining and welfare: A dynamic structural analysis,” Discussion paper,
Yale University.

41



KOMAROVA, T. (2013): “Partial identification in asymmetric auctions in the absence of independence,”
The Econometrics Journal, 16(1), S60-592.

KRASNOKUTSKAYA, E. (2011): “Identification and Estimation of Auction Models with Unobserved
Heterogeneity,” Review of Economic Studies, 78(1), 293-327.

LARSEN, B., AND A. L. ZHANG (2018): “A mechanism design approach to identification and estima-

tion,” Discussion paper, National Bureau of Economic Research.

LARSEN, B. J. (2021): “The efficiency of real-world bargaining: Evidence from wholesale used-auto
auctions,” The Review of Economic Studies, 88(2), 851-882.

LEININGER, W., P. B. LINHART, AND R. RADNER (1989): “Equilibria of the Sealed-Bid Mechanism for
Bargaining with Incomplete Information,” Journal of Economic Theory, 48(1), 63—-106.

L1, H. (2016): “Nonparametric identification and estimation of k-double auctions,” Ph.D. thesis, The

Pennsylvania State University.

Liu, N., anD Y. LUO (2017): “A Nonparametric Test for Comparing Valuation Distributions in
First-Price Auctions,” International Economic Review, 58(3), 857-888.

L1u, N., AND Q. VUONG (2021): “Nonparametric Tests for Monotonicity of Strategies in Games of

Incomplete Information,” Working paper, New York University.

Liu, N., Q. VUONG, AND H. XU (2017): “Rationalization and identification of binary games with
correlated types,” Journal of econometrics, 201(2), 249-268.

LOERTSCHER, S., AND L. M. MARX (2019): “Merger review for markets with buyer power,” Journal of
Political Economy, 127(6), 2967-3017.

MAGNAC, T., AND E. MAURIN (2008): “Partial Identification in Monotone Binary Models: Discrete
Regressors and Interval Data,” The Review of Economic Studies, 75(3), 835-864.

MANSsKI, C. F., aND E. TAMER (2002): “Inference on Regressions with Interval Data on a Regressor or
Outcome,” Econometrica, 70(2), 519-546.

MCADAMS, D. (2008): “Partial Identification and Testable Restrictions in Multi-Unit Auctions,” Journal
of Econometrics, 146(1), 74-85.

MERLO, A. (1997): “Bargaining over Governments in a Stochastic Environment,” Journal of Political
Economy, 105(1), 101-131.

MERLO, A., AND F. ORTALO-MAGNE (2004): “Bargaining over residential real estate: evidence from
England,” Journal of urban economics, 56(2), 192-216.

MERLO, A., AND X. TANG (2012): “Identification and Estimation of Stochastic Bargaining Models,”
Econometrica, 80(4), 1563-1604.

(2019): “Bargaining with optimism: Identification and estimation of a model of medical

malpractice litigation,” International Economic Review, 60(3), 1029-1061.

42



MYERSON, R. B., AND M. A. SATTERTHWAITE (1983): “Efficient Mechanism for Bilateral Trading,”
Journal of Economic Theory, 29(2), 265-281.

PARCO, J. E. (2002): “Two-person bargaining under incomplete information: An experimental study

of new mechanisms,” Ph.D. thesis, The University of Arizona.

PARCO, J. E., AND A. RAPOPORT (2004): “Enhancing honesty in bargaining under incomplete in-
formation: An experimental study of the bonus procedure,” Group Decision and Negotiation, 13(6),
539-562.

PARCO, J. E., A. RAPOPORT, D. A. SEALE, W. E. STEIN, AND R. ZWICK (2004): “Multistage Sealed-bid
x-Double-Auctions: An Experimental Study of Bilateral Bargaining,” in Advances in Understanding
Strategic Behaviour, pp. 209-234. Springer.

PERRIGNE, 1., AND Q. VUONG (2019): “Econometrics of Auctions and Nonlinear Pricing,” Annual
Review of Economics, 11, 27-54.

RADNER, R., AND A. SCHOTTER (1989): “The Sealed-Bid Mechanism: An Experimental Study,” Journal
of Economic Theory, 48(1), 179-220.

RAPOPORT, A., T. E. DANIEL, AND D. A. SEALE (1998): “Reinforcement-based adaptive learning
in asymmetric two-person bargaining with incomplete information,” Experimental Economics, 1(3),
221-253.

RAPOPORT, A., AND M. A. FULLER (1995): “Bidding Strategies in a Bilateral Monopoly with Two-Sided
Incomplete Information,” Journal of Mathematical Psychology, 9(2), 179-196.

RUBINSTEIN, A. (1985): “A bargaining model with incomplete information about time preferences,”
Econometrica, pp. 1151-1172.

SATTERTHWAITE, M. A., AND S. R. WILLIAMS (1989): “Bilateral Trade with the Sealed-Bid k-Double
Auction: Existence and Efficiency,” Journal of Economic Theory, 48(1), 107-133.

SATTERTHWAITE, M. A., AND S. R. WILLIAMS (1993): “The Bayesian theory of the k-double auction,”
in The Double Auction Market Institutions, Theories, and Evidence, pp. 99-124. Routledge.

SCHOTTER, A. (1990): “Bad and good news about the sealed-bid mechanism: Some experimental
results,” The American Economic Review, 80(2), 220-226.

SCOTT MORTON, F.,, J. SILVA-RISSO, AND F. ZETTELMEYER (2011): “What matters in a price negotiation:
Evidence from the US auto retailing industry,” Quantitative Marketing and Economics, 9(4), 365-402.

SEALE, D. A., T. E. DANIEL, AND A. RAPOPORT (2001): “The information advantage in two-person

bargaining with incomplete information,” Journal of Economic Behavior & Organization, 44(2), 177-200.
SILVERMAN, B. W. (1986): Density Estimation for Statistics and Data Analysis. Chapman & Hall/CRC.

SIMCOE, T. (2012): “Standard Setting Committees: Consensus Governance for Shared Technology
Platforms,” American Economic Review, 102(1), 305-336.

43



TANG, X. (2011): “Bounds on Revenue Distributions in Counterfactual Auctions with Reserve Prices,”
The RAND Journal of Economics, 42(1), 175-203.

TREBLE, ]. G. (1987): “Sliding Scales and Conciliation Boards: Risk-Sharing in the Late 19th Century
British Coal Industry,” Oxford Economic Papers, 39(4), 679-698.

(1990): “The Pit and the Pendulum: Arbitration in the British Coal Industry, 1893-1914,”
Economic Journal, 100(403), 1095-1108.

WAN, Y., aND H. XU (2015): “Inference in Semiparametric Binary Response Models with Interval
Data,” Journal of Econometrics, 184(2), 347-360.

ZHANG, S., R. J. KARUNAMUNI, AND M. C. JONES (1999): “An Improved Estimator of the Density
Function at the Boundary,” Journal of the American Statistical Association, 94(448), 1231-1241.

44



	Introduction
	The k-Double Auction Model
	Nonparametric Identification
	Case One: All Submitted Bids Being Observed
	Case Two: Only Transacted Bids Being Observed

	Estimation
	Definition of the Estimator
	Asymptotic Properties

	Monte Carlo Experiments
	Extensions
	Auction-Specific Heterogeneity
	Unobserved heterogeneity
	Higher order bias reduction
	Estimation with transacted bids

	Conclusion
	Proofs of Theorems, Corollaries, and Lemmas in the Text
	Proof of Lemma 1
	Proof of Theorem 1
	Proof of Theorem 2
	Proof of Theorem 2
	Proof of Theorem 1
	Proof of Theorem 2
	Proof of Lemma 3
	Proof of Lemma 4
	Proof of Lemma 3

	Supplementary Material
	Identification of Pricing Weight k from Quantiles of Transaction Price
	Density estimator with bias correction
	Asymptotic results with smoother private value densities

	Proofs of Lemmas and Proposition in Supplementary Material
	Proof of Lemma 5
	Proof of Lemma 6
	Proof of Lemma 7
	Proof of Theorem 1


